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PKEFACE. 

The present work provides a course of Elementary Geometry 
based on the recommendatjipns of the Mathematical Association 
and on the schedule recently proposed and adopted at Cambridge. 

The principles which governed these proposals have been 
confirmed by the issue of revised schedules for all the more 
important Examinations, and they are now so generally accepted 
by teachers that they need no discussion here. It is enough to 
note the following points : 

(i) We agree that a pupil should gain his first geometrical ideas 
from a short preliminary course of a practical and experimental 
character. A suitable introduction to the present book would 
consist of Easy Exercises in Drawing to illustrate the subject 
matter of the Definitions ; Measurements of Lines and Angles ; 
Use of Compasses and Protractor ; Problems on Bisection, Per- 
pendiculars, and Parallels ; Use of Set Squares ; The Construction 
of Triangles and Quadrilaterals. These -problems should be 
accompanied by informal explanation, and the results verified 
by measurement. Concurrently, there should be a series of ex- 
ercises in Drawing and Measurement designed to lead inductively 
to the more important Theorems of Part I. [Euc. 1. 1-34].* While 
strongly advocating some such introductory lessons, we may point 
out that our book, as far as it goes, is complete in itself, and from 
the first is illustrated by numerical and graphical examples of the 
easiest types. Thusj throughout the whole work, a graphical 
and experimental course is provided side by side with the usual 
deductive exercises. 

(ii) Theorems and Problems are arranged in separate but parallel 
courses, intended to be studied pari passu. This arrangement is 
made possible by the use, now generally sanctioned, of Uhfpothetical 
Constructions, These, before being employed in the text, are care- 
fully specified, and referred to the Axioms on which they depend 

* Such an introductory course is now furnished by our Lessons in Experi' 
mental and Practical Geometry. 

H.S.O. I.-IV. I 
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(iii) The subject is placed on the basis of Commenturahle Mag- 
nitvdes. By this means, certain difficulties which are wholly 
beyond the grasp of a young learner are postponed, and a wide 
field of graphical and numerical illustration is opened. Moreover 
the fundamental Theorems on Areas (haixlly less than those on 
Proportion) may thus be reduced in number, greatly simplified, 
and brought into line with practical applications. 

(iv) An attempt has been made to curtail the excessive body of 
text which the demands of Examinations have hitherto forced as 
"bookwork" on a beginner's memory. Even of the Theorems 
here given a certain number (which we have distinguished with 
an asterisk) might be omitted or postponed at the discretion of the 
teacher. And the formal propositions for which — as such — teacher 
and pupil are held responsible, might perhaps be' still further 
limited to those which make the landmarks of Elementary Geo- 
metry. Time so gained should be used in getting the pupil to 
apply his knowledge ; and the working of examples should be 
made as important a part of a lesson in Geometry as it is so 
considered in Arithmetic and Algebra. 

Though we have not always followed Euclid's order of Proposi- 
tions, we think it desirable for the present, in. regard to the 
subject-matter of Euclid Book I. to preserve the essentials of his 
logical sequence. Our departure from Euclid's treatment of Areas 
has already been mentioned ; the only other important divei'gence 
in this section of the work is the position of I. 26 (Theorem 17), 
which we place after I. 32 (Theorem 16), thus getting rid of the 
tedious and uninstructive Second Cane, In subsequent Parts a freer 
treatment in respect of logical order has been followed. 

As regards the presentment of the propositions, we have con- 
stantly kept in mind the needs of that large class of students, who, 
without special aptitude for mathematical study, and under no 
necessity for acquiring technical knowledge, may and do derive 
real intellectual advantage from lessons in pure deductive reasoning. 
Nothing has as yet been devised as effective for this purpose as the 
Euclidean form of proof ; and in our opinion no excuse is needed 
for treating the earlier proofs with that fulness which we have 
always found necessary in our experience as teachers. 
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The examples are numerous and for the most part easy. They 
have been very carefuUy arranged, and are distributed throughout 
the text in immediate connection with the propositions on which 
they depend. A special feature is the large number of examples 
involving graphical or numerical work. The answers to these 
have been printed on perforated pages, so that they may easily be 
removed if it is found that access to numerical results is a source 
of temptation in examples involving measurement. 

We are indebted to several friends for advice and suggestions. 
In particular we wish to express our thanks to Mr. H. C. Playne 
and Mr. H. C. Beaven of Clifton College for the valuable assist- 
ance they have rendered in reading the proof sheets and checking 
the answers to some of the numerical exercises. 

H. S. HALL. 
F. H. STEVENS. 
November y 1903. 



PREFATORY NOTE TO THE SECOND EDITION. 

ly the present edition some further steps have been taken towards 
the curtailment of bookwork by reducing certain less important 
propositions (e.g. Euclid I. 22, 43, 44) to the rank of exercises. 
Eoom has thus been found for more numerical and graphical 
exercises, and experimental work such as that leading to the 
Theorem of Pythagoras. 

Theorem 22 (page 62), in the shape recommended in the Cam- 
bridge Schedule, replaces the equivalent proposition given as 
Additional Theorem A (page 60) in previous editions. 

In the case of a few problems (e.g. Problems 23, 28, 29) it has 
been thought more instructive to justify the construction by a pre- 
liminary analysis than by the usual formal proof. 

H. S. HALL. 
F. H. STEVENS. 
March. 1904. 
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GEOMETRY. 

PART I. 

Axioms. 

All mathematical reasoning Is founded on certain simple 
principles, the truth of which is so evident that they are 
accepted without proof. These self-evident truths are called 
Axioms. 

For instance : 

Things which are equal to the same thing are equal to one 
another. 

The following axioms, corresponding to the first four Rules 
of Arithmetic, are among those most commonly used in 
geometrical reasoning. 

Addition. If equals are added to equals, the sums are equal. 

Subtraction. If equals are taken from equals, the. remainders 
are equal. 

Multiplication. Things which wre the same multiples of equals 
are equal to one another. 

For instance : Doubles of equals are equal to one another. 

Division. Things which are the same parts of equals are equal 
to one another. 

For instance : Halves of equals are equal to one another. 

The above Axioms are given as instances, and not as a 
complete list, of those which will be used. They are said to 
be general, because they apply equally to magnitudes of all 
kinds. Certain special axioms relating to geometrical magni- 
tudes only will be stated from time to time as they are 
required. 

H.B.O. A « 
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Definitions and First Principles. 

Every beginner knows in a general way what is meant by a 
point, a line, and a surface. Sut in geometry these terms are 
used in a strict sense which needs some explanation. 

1. A point has position, but is said to have no magnitude. 

This means that we are to attach to a point no idea of size either as 
to lerigth or breadth, but to think only where it is situated. A dot 
made with a sharp pencil may be taken as roughly representing a 
point ; but smaU as such a dot may be, it stiU has some length and 
breadth, and is therefore not actually a geometrical point. The smaller 
the dot however, the more nearly it represents a point. 

2. A line has length, but is said to have rw? breadth. 

A line is traced out by a moving point. If the point of a pencil is 
moved over 'a sheet of paper, the trace left represents a line. But such 
a trace, however finely drawn, has some degree of breadth, and is 
therefore not itself a true geometrical line. The finer the trace left by 
the moving pencil-point, the more nearly will it represent a line. 

3. Proceeding in a similar manner from the idea of a line 
to the idea of a surface, we say that 

A surface has length and breadth, but no thickness. 

And finally, 

A solid has length, breadth, and thickness. 

Solids, surfaces, lines and points are thus related to one another : 

(i) A solid is bounded by surfaces. 

(ii) A surface is bounded by lines ; and surfaces meet in lines. 

(iii) A line is bounded (or terminated) by points ; and lines meet in 
points. 

4. A line may be straight or curved. 

A straight line has the same direction from point to point 
throughout its whole length. 

A curved line changes its direction continually from point 
to point. 
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Axiom. There can be only one straight line joining two given 
points: that is, 

Ttoo straight lines cannot enclose a space. 



5. A iilane is a flat surface, the test of flatness being that 
if any two points are taken in the surface, the straight line 
between them lies wholly in that surface. 




6. When two straight lines meet at a 
point, they are said to form an angle. 

The straight lines are called the arms of the 
angle ; the point at which they meet is its verteaL 

The magnitude of the angle may be thus o" 
explained : 

Suppose that the arm OA is fixed, and that OB turns abovX 
the point O (as shewn by the arrow). Suppose also that OB 
began its turning from the position OA. Then the size of the 
angle AOB is measured by the amount of turning required to 
bring the revolving arm from its first position OA into its 
subsequent position OB. 

Observe that the size of an angle does not in any way depend on the 
length of its arms. 

Angles which lie on either side of C 
a common arm are said to be ad- 
jacent. 

For example, the angles AOB, BOC, 
which have the common arm OB, are 
adjacent. 




When two straight lines such as AB, CD 
cross one another at O, the angles COA, BOD 
are said to be vertically opposite. The 
angles AOD, COB are also vertically opposite 
to one another. 
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7. When one straight line stands on an- 
other so as to make the adjacent angles equal 
to one another, each of the angles is called a 
right angle ; and each line is said to be per- 
pendicular to the other. 



Axioms, (i) If O is a point in a straight line AB, then a line 
OC, which turns about O from the position OA to the position OB, 
must pass trough one position^ and 'only on£f in which it is 
perpendicular to AB. 

(ii) All right angles are equal, 

A right angle is divided into 90 equal parts called degrees (•) ; each 
degree into 60 equeJ parts called minutes (') ; each minute into 60 equal 
parts called seQonds ( ). 

In the above figure, if OC revolves about O from the 
position OA into the position OB, it turns through tvx) right 
angles, or 180**. 

If 00 makes a complete revolution about O, starting from OA 
and returning to its original position, it turns through four 
right angles, or 360**. 



8. An angle which is less than one right 
angle is said to be acute. 

That is, an acute angle is less than 90"". 



9. An angle which is greater 
than one right angle, but less than 
two right angles, is said to be obtuse. 

That is, an obtuse angle lies between 
90** and 180^ 




10. If one arm OB of an angle turns 
until it makes a straight line with the 
other arm OA, the angle so formed is g" 
called a straight angle. 

A straight angle =2 right angles =180*. 




DBlFINrnONS. 

11. An angle which is greater 
than two right angles, but less than 
four right angles, is said to be 
reflex. 

That is, a reflex angle lies between B 
180'' and 360'. 

Note. When two straight lines meet, tvoo angles are formed, one 
greater, and one less than two right angles. The first arises by 
supposing OB to have revolved from the position OA the longer way 
round, marked (i); the other by supposing OB to have revolved the 
shorter way round, marked (ii). Unless the contrary is stated, the 
angle between two straight lines will be considered to be that which is 
less than two right angles. 



12. Any portion of a plane surface bounded by one or 
more lines is called a plane figure. 



13. A circle is a plane figure contained 
by a line traced out by a point which moves 
so that its distance from a certain fixed 
point is always the same. 

Here the point P moves so that its distance P 
from the fixed point O is always the same. 

The fixed point is called the centre, and the bounding line 
is called the circumference. 



14. A radius of a circle is a straight line drawn from the 
centre to the circumference. It follows that all radii of a 
circle are equal. 



15. A diameter of a circle is a straight line drawn through 
the centre, and terminated both ways by the circumference. 



16. An are of a eircle is any part of the circmnference. 
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17. A semi-circle is the figure bounded 
by a diameter of a circle and the part of the 
circumference cut off by the diameter. 

18, To bisect means to divide into two equal parts. 

Axioms, (i) If a point O moves 
from A to B along the straight line a ■ O 

AB, it must pass through one posi- 
tion in which U divides AB into two equal pwrts. 

That is to say: 

Every finite straight line has a point of bisection, 

(ii) If a line OP, revolving about O turns 
from OA to OB, it must pass through one 
position in which it divides the angle AOB 
into two equal parts. 

That is to say : ^ 

Every angle may be supposed to have a line of bisection. 



Hypothetical Constructions. 

From the Axioms attached to Definitions 7 and 18, it 
follows that we may suppose 

(i) A straight line to be drawn perpendicular to a given 
straight line from any point in it. 

(ii) A finite straight line to be bisected at a point, 

(iii) An angle to be bisected by a line. 

Superposition and Equality. 

Axiom. Magnitudes which can be made to coincide unth one 
another are equal. 

This axiom implies that any line, angle, or figure, may be taken up 
from its position, and without change in size or form, laid down upon a 
second line, angle, or figure, for the purpose of comparison, and it 
states that two such magnitudes are equal when one can be exactly 
placed over the other without overlapping. 

This process is called Buperpositlon, and the first magnitude is said to 
be apiAled to the other. 
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Postulates. 

In order to draw geometrical figures certain instnunents are 
required These are, for the purposes of this book, (i) a 
straight nUer (ii) a pair of compasses. The following Postulates 
(or requests) claim the use of these instruments, and assume 
that with their help the processes mentioned below may be 
duly performed. 

Let it be granted : 

1. That a straight line may be drawn from any one point to 
any other poirU. 

2. That a finite (or terminated) straight line may be 
PRODUCED (that is, prolonged) to amy length in that straight 
line. 

3. That a circle may be dravm with any point as centre and 
with a radius of any length. 



Notes, (i) Postulate 3, as stated above, im- 
plies that we may adjust the compasses to the 
length of any straight line PQ, and with a radius 
of this length draw a circle with any point O as 
centre. That is to say, the compasses may be 
used to transfer distances from one part of a 
diagram to another. 




(ii) Henct from AB, the grtaler of ttoo 
straight lines, toe may cut off a part equal 
to PQ the less. 

For if with centre A, and radius equal 
to PQ, we draw an arc of a circle cutting 
AB at X, it is obvious that AX is equal 

to Pa 



P Q 


A X B 
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Introductory. 



1. Plane geometry deals with the properties of such lines 
and figures as may be drawn on a plane surface. 

2. The subject is divided into a numbei: of separate dis- 
cussions, called propositions. 

Propositions are of two kinds, Theorems and Problems. 

A Theorem proposes to prove the truth of some geometrical 
statement. 

A Problem proposes to perform some geometrical construc- 
tion, such as to draw some particular line, or to construct 
some required figure. 

3. A Proposition consists of the following parts : 

The General Enunciation^ the Particular Enunciation^ the 
Construction, and the Proof, 

(i) The Oeneral Enunciation is a preliminary statement, 
describing in general terms the purpose of the proposition. 

(ii) The Particular Enunciation repeats in special terms 
the statement already made, and refers it to a diagram, which 
enables the reader to follow the reasoning more easily. 

(iii) The Constmction then directs the drawing of such 
straight lines and circles as may be required to effect the 
purpose of a problem, or to prove the truth of a theorem. 

(iv) The Proof shews that the object proposed in a problem 
has been accomplished, or that the property stated in a theorem 
is true. 



4. The letters Q.E.D. are appended to a theorem, and stand 
for Qnod erat Demonstrandum, which was to be proved. 
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5. A Corollary is a statement the truth of which follows 
readily from an established proposition; it is therefore 
appended to the proposition as an inference or deduction, 
winch usually requires no further proof. 



6. The following symbols and abbreviations are used in 
the text of this book. 

In Part I. 
.'. for therefore, l for angle, 

= „ is, or are, equal to, A „ triangle. 

After Part I. 

pt. far point, perp. for perpendicular, 

St. line „ straight line, par" „ parallelogram, 

rt. L „ right angle, rectil. „ rectilineal, 

par* (or ||) „ parallel, © „ circle, 

sq. „ square, O** » circumference; 

and all obvious contractions of commonly occurring words, 
such as opp., adj., diag., etc., for opposite, adjacent, diagonal, 
etc. 

[For convenience of oral work, and to prevent the rather common 
abuse of contractions by beginners, the above code of signs has been 
introduced gradually, and at first somewhat sparingly.] 

In numerical examples the following abbreviations will 
be used. 

m. far metre, cm. for centimetre 

mm. „ millimetre. km. „ kilometre. 

Also inches are denoted by the symbol C). 
Thus 5" means 5 inches. 
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ON LINKS AND ANGLES. 

L Theorem 1. [Euclid I. 13.] 

The adjacent angles which one straight line makes with anoihet 
straight line on one side of it, are together equal to two right angles. 



Let the straight line CO make with the straight line AB the 
adjacent l* AOC, COB. 

It is required to jprove that the Z-'AOC, COB are together equal to 
two right angles. 

Suppose OD is at right angles to BA. 

Proof. Then the l' AOC, COB together 

= the three £.'AOC, COD, DOB. 
Also the Z-'AOD, DOB together 

= the three ^L'AOC, COD, DOB. 
.-. the Z-'AOC, COB together = the Z-'AOD, DOB 

= two right angles. 

Q.E.D. 



PROOF BY ROTATION. 

Suppose a straight line revolving about O turns from the position OA 
into the position OC, and thence into the position OB ; that is, let the 
revolving line turn in succession through the Z-» AOC, COB. 

Now in passing from its first position OA to its final position OB, 
the revolving line turns through two right angles, for AOB is a straight 
line. 

Hence the Z." AOC, COB together = two right anglep. 
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CJoROLLARY 1. If ivx> straight lines 
cut one another, the four angles so formed 
are together equal to four right angles. 



For example, C 

Z.BOD+ ^DOA+ 2LA0C+ Z.C0B=4 right angles. 



Corollary 2. When any number of 
straight lines meet at a point, the sum of 
the consecutive angles so formed is equal 
to four right angles. 



For a straight line revolving about O, and taming in succession 
through the Z."AOB, BOC, COD, DOE, EOA, will have made one 
complete revolution, and therefore turned through four right angles. 



DEFINITIONS. 

(i) Two angles whose sum is two right angles, are said to 
be supplementary; and each is called Sie supplement of the 
other. 

Thus in the Fig. of Theor. 1 the angles AOC, COB are supplementary. 
Again the angle 123** is the supplement of the single 57**. 

(ii) Two angles whose sum is one right angle are said to 
be complementary ; and each is called the complement of the 
other. 

Thus in the Fig. of Theor. 1 the angle DOC is the complement of the 
angle AOC. Again angles of 34* and 56* are complementary. 

CiOROLLARY 3. (i) Supplements of the same angle are equal, 
(ii) Complements of the same angle are equal 
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cx-^Theorem 2. [Euclid I. 14.] 

If, at a point in a straight line, tvx) other straight lin^, on 
opposite sides of it, make the adjacent angles together equal to two 
right angles, then these ttvo straight lines are in one and the same 
straight line. 




At O in the straight line CO let the two straight lines OA, 
OB, on opposite sides of CO, make the adjacent l'AOC, COB 
together equal to two right angles : (that isj let the adjacent 
L* AOC, COB be supplementary). 

It is required to prove that OB and OA are in the same straight 
line. 

Produce AO beyond O to any point X : it will be shewn that 
OX and OB are the same line. 

Proof. Since by construction AOX is a straight line, 

.-. the Z-COX is the supplement of the Z-COA. Theor. 1. 

But, by hypothesis, 

the z. COB is the supplement of the Z-COA. 

.-. the^LCOX^the^LCOB; 
.'. OX and OB are the same line. 

But, by construction, OX is in the same straight line 
with OA; * 

hence OB is also in the same straight line with OA. 

Q.E.D. 
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EXERGISBS. 

. 1, Write down the supplements of one-half of a right angle, /ot»r« 
ikirda of a right angle ; also of 46% 149% 83% I'or 15'. 

2. Write down the complement of two-fiffhs of a right angle ; 
also of 27% 38** 16', and 41" 29' 30". 

3. If two straight lines intersect forming four angles of which one 
IS known to l)e a right angle, prove that the other three are also right 
angles. 



4. In the triangle ABC the angles ABC, ACB are given equal. If 
le side BC is p ' 
formed are equal. 



the side BC is produced both ways, shew that the exterior angles so 
al. 



5. In the triangle ABC the angles ABC, ACB are given equal. If 
AB and AC are produced beyond the base, shew that the exterior angles 
so formed are equal. 

Definition. The lines which bisect an angle and the 
adjacent angle made by producing one of its arms are called 
the internal and external bisectors of the given angle. 



Thus in the diagram, OX and OY are the 
internal and external bisectors of the angle 
AOB. 



6. Prove that the bisectors of the adjacent angles which one 
straight line makes with another contain a right angle. That is to 
say, IHa internal and external bisectors of an (ingle are al right angles 
to one another. 

7. Shew that the angles AOX and COY in the above diagram are 
complementary. 

8. Shew that the angles BOX and COX are supplementary ; and 
also that the angles AOY and BOY are supplementary. 

9. If the angle AOB is 35% find the angle COY. 
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Theorem 3. [Euclid I. 15.] 

If two straight lines cut one another, the vertically opposite angles 
are equal. 




Let the straight lines AB, CD cut one another at the point O. 

It is required to prove that 

(i) the L AOC=- the lDOB; 
(ii) the L COB = the lAOD. 

Proof. Because AO meets the straight line CD, 
/. the adjacent L' AOC, AGD together = two right angles; 
that is, the L AOC is the supplement of the l AOD. 

Again, because DO meets the straight line AB, 

.-. the adjacent z.' DOB, AOD together = two right angles ; 

that is, the L DOB is the supplement of the Z- AOD. 

Thus each of the Z-'AOC, DOB is the supplement of the Z-AOD, 
.* . the L AOC = the L DOB. 

Similarly, the l COB = the Z-AOD. 

Q.E.D. 



PROOF BY RjOTATION. 

Suppose the line COD to revolve about O until OC turns into the 
position OA. Then at the same moment OD must reach the position 
OB (for AOB and COD are straight). 

Thus the same amount of turning is required to close the Z. AOC as to 
close the L DOB. 

-•. the L AOC = the Z-DOB. 
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EXERCISES ON ANGLES. 
(Numerical.) 

1. Through what angles does the minate-hand of a clock turn in 
(i) 5 minutes, (ii) 21 minutes, (ill) 43^ minutes, (iv) 14 min. 10 seel 
Aiid how long will it take to turn through (v) 66", (vi) 223^ ? 

2. A clock is started at noon : through what angles will the hour- 
hand have turned by (i) 3.45, (ii) 10 minutes past 5? And what will 
be the time when it has turned through 172^** ? 

3. The earth makes a complete revolution about its axis in 24 hours. 
Through what angle will it turn in 3 hrs. 20 min., and how long will it 
take to turn through 130** ? 

4. In the diagram of Theorem 3 

(1) If the Z.AOC=35*, write down (without measurement) the value 
of each of the Z.-COB, BOD, DOA. 

(ii) If the L>COB, AOD together make up 250% find each of the 
Z--COA, BOD. 

(iii) If the Z." AOC, COB, BOD together make up 274% find each of 
the four angles at O. 

{TJieoretical.) 

5. If from O a point in AB two straight lines OC, OD are drawn on 
opposite sides of A3 so as to make the angle COB equal to the angle 
AOD ; shew that OC and OD are in the same straight line. 

6. Two straight lines AB, CD cross at O. If OX is the bisector of 
the angle BOD, prove that XO produced bisects the angle AOC. 

7. Two straight lines AB, CD cross at O. If the au^le BOD is 
bisected by OX, and AOC by OY, prove that OX, OY are m the same 
straight line. 

8. If OX bisects an angle AOB, shew that, by folding the diagram 
about the bisector, OA may be made to coincide with OB. 

How would OA fall with regard to OB, if 

(i) the Z-AOX were greater than the Z.XOB ; 
(ii) the Z-AOX were less than the Z-XOB? 

9. AB and CD are straight lines intersecting at right angles at O ; 
shew by folding the figure about AB, that OC may be made to fall 
along OD. 

10. A straight line AOB is drawn on paper, which is then folded 
about O, so as to make OA fall along OB ; shew that the crease left in 
the. paper is perpendicular to AB. 
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ON TRIANGLES 



1. Any portion 9! a plane surface bounded by one or more 
lines is called a plane figxire. 

The sum of the bounding lines is called the perimeter of the figure. 
The amount of surface enclosed by the perimeter is called the i 



2. Rectilineal figures are those which are bounded by 
straight lines. 

3. A triangle is a plane figure bounded by three straight 
lines. 

4. A quadrilateral is a plane figure bounded hyfour straight 
lines. 



5. A polygon is a plane figure bounded by 
more than four straight lines. 



6. A rectilineal figure is said to be 
equilateral, when all its sides are equal ; 
equiangular, when all its angles are equal ; 

regular, when it is both equilateral and equiangular 

7. Triangles are thus classified with regard to their sides 
A triangle is said to be 

equilateral, when all its sides are equal ; 
isosceles, when two of its sides are equal ; 
scalene, when its sides are all unequal. 







Equilateral Triangle. 



IsoBceles Triangle. 



Scalene Triangle. 



In a triangle ABC, the letters A B, C often denote 
the mngniltuif of the several angles (as measured in 
degrees) ; and the letters a, b, c the lengths of the 
opposite sides (as measured in inches, centimetres, or 
some other unit of length). 
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Any one of the ang^alar points of a triangle may be regarded as its 
vertex ; and the opposite side is then called the base. 

In an isosceles triangle the term vertex is usually applied to the point 
at which the equal sides intersect ; and the vertical angle is the angle 
included by them. 

8. Triangles are thus classified with regard to their angles : 

A triangle is said to be 

Tight-angled, when one of its angles is a right angle ; 
obtuse-angled, when one of its angles is obtuse ; 
acnte-angled, when all three of its angles are acute. 

[It will be seen hereafter (Theorem 8. Cor. 1) that every triangle mttst 
have at least two acute an^es.] 




fiight-angled Triangle. . Obtuse-angled Triaogle. Aoute-angled Triangle. 

In a right-angled triangle the side opposite to the right angle is 
called the hypotenuse. 

9. In any triangle the straight line joining a vertex to the 
middle point of the opposite side is called a median. 



THE COMPARISON OF TWO TRIANGLES. 

(1) The three sides and three angles of a triangle are called 
its six parts. A triangle may also be considered with regard 
to its area. 

(ii) Two triangles are said to be equal in all respects^ 
when one may be so placed upon the other as to exactly 
coincide with it ; in which case each part of the first triangle 
is equal to the corresponding part (namely that with which 
it coincides) of the other ; and the triangles are equal in area. 

In two such triangles corresponding sides are opposite to equal 
angles, and corresponding angles are opposite to equal sides. 

Triangles which may thus be made to coincide by super- 
position are said to be identically equal or congruent. 

H.S.O B 
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Theorem 4. [Euclid I. 4.] 

If two triangles have two sides of the one equal to tvx) sides of the 
other, each to each, and the angles induded by those sides equals 
then the triangles a/re equal in aU re 




Let ABC, DEF be two triangles in which 

AB=DE, 
AC = DF, 
and the included angle BAG = the included angle EDF. 

// is required to prove that the A ABC = the A DEF in all 
respects. 

Proof. Apply the A ABC to the A DEF, 

so that the point A falls on the point D, * 
and the side AB along the side DE. 

Then because AB= DE, 
.-. the point B must coincide with the point E. \ 

And because AB falls along DE, 
and the l BAG = the L EDF, 
.*. AG must fall along DF. 

And because AG = DF, 
.-. the point G must coincide with the point F. 

Then since B coincides with E, and G with F, 
.'. the side BG must coincide with the side EF. 

Hence the AABG coincides with the A DEF, 
and is therefore equal to it in all respects. 

Q.E.D. 
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Ohs. In this Theorem we must carefully observe what is 
given and what is proved. 



i AB^DE, 



Given that < AC = DF, 

[ and the l BAG = the l EDF. 

From these data we prove that the triangles coincide on 
superposition. 

r BC = EF, 

Hence we condvde that < the l ABC = the l DEF, 

land the z. ACB = the L DFE ; 

also that the triangles are equal in area. 

Notice. thai the angles which are proved eqml in the tvx> triangles 
aT€ opposite to sides which were given eqtuU. 



A 



D 



Note. The adjoining diagram shews 
that in order to make two congruent 
triangles coincide, it may be necessary 
to reverse, that is, turn over one of them 
before superposition. • 



EXERCISES. 




1. 8?iew that the bisector of the verticod angle of an isosceles triangle 
(i) Insects the base (ii) is perpendicular to the base. 

2. Let O be the middle point of a straight line AB, and let OC be 
perpendicular to it. Then if P is any point in OC, prove that PA= PB. 

3. Assuming that the' four sides of a square are equal, and that its 
angles are all right angles, prove that in the square ABCD, the 
diagonals AC, BD are equal. 

4. ABCD is a square, and L, M, and N are the middle points of AB, 
BC, and CD : prove that 

(i) LM = MN. (u) AM = DM. 

(iu) AN=AM. ' (iv) BN = DM. 

[Draw a separate figure in each case.] 

5. ABC is an isosceles triangle : from the equal sides AB, AC two 
eaual parts AX, AY are cut ofif, and BY and CX are joined. Prove that 
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Theorem 5. [Euclid I. 5.] 
T?ie cmgUs at the hose of an isosceles triangle are equal. 







Let ABC be an isosceles triangle, in which the side AB = the 
side AC. 

It is required to prove that the l ABC = the L ACB. 

Suppose that AD is the line which bisects the lBAC, and 
let it meet BC in D. 



l8t Proof. Then in the A' BAD, CAD, 
c BA = CA, 

because \ AD is common to both triangles, 

I and the included l BAD = the included L CAD ; 

.-. the triangles are equal in all respects ; Theor, 4. 
so that the Z-ABD = the Z.ACD. 

Q.E.D. 

2nd Proof. Suppose the A ABC to be folded about AD. 

Then since the l BAD = the l CAD, 
.'. AB must fall along AC. 

And since AB = AC, 
.*. B must fall on C, and consequently DB on DC. 

.'. the Z.ABD will coincide with the Z-ACD, and is therefore 
equal to it. 

Q.E.D. 
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Corollary 1. If the egml sides AB, AC of 
an isosceles triangle are produced, the exterior 
angles EBC, FOB are equal; for they are the 
supplements of the equal angles at the base, 

E 

Corollary 2. If a triangle is equUaterdl, it is 
angular. 

Definition. A figure is said to be symmetrical about a 
line when, on being folded about that line, the parts of the 
figure on each side of it can be brought into coincidence. 

The straight line is called an axis of symmetry. 

That this may be possible, it is clear that the two parts of the figure 
must have the same size and shape, and must be similarly placed with 
regard to the axis. 

Theorem 5 proves that an isosceles triangle is symmetrical about 
the bisector of its vertical angle. 

An equilateral triangle is symmetrical about the bisector of ANY 
one of its angles. 



EXERCISES. 

1. ABCD is a four-sided figure whose sides are all equal, and the 
diagonal BD is drawn : shew that 

(i) the angle ABD=the angle ADB ; 
(ii) the angle CBD = the angle CDB; 
(iii) the angle ABC = the angle ADC. 

2. ABC, DBC are two isosceles triangles drawn on the same base 
BC, but on opposite sides of ii : prove (by means of Theoi-em 6) that 

the angle ABD = the angle ACD. 

3. ABC, DBC are two isosceles triangles drawn on the same base 
BC and on tfie same side of it : employ Theorem 5 to prove that 

the angle ABD = the angle ACD. 

4. AB, AC are the equal sides of an isosceles triangle ABC; and 
L, M, N are the middle points of AB, BC, and CA respectively : prove 
that 

(i) LM=NM. (ii) BN=CL 

(iii) the angle ALM =the angle ANM. 



X 
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Theorem 6. [Euclid I. 6.] 



If hoc angles of a triangle are equal to one another, then the 
sides which are opposite to the equal angles are equal to one another. 




Let ABC be a triangle in which 

the L ABC = the l ACB. 

It is required to prove thai the side AC = the side AB. 

If AC and AB are not equal, suppose that AB is the greater. 

From BA cut oflF BD equal to AC. 

Join DC. 

Proof. Then in the A* DBC, ACB, 

( DB = AC, 

because < BC is common to both, 

[and the included l DBC = the included L ACB ) 

.*. the A DBC = the A ACB in area, Theor, 4. 

the part equal to the whole ; which is absurd. 

.*. AB is not unequal to AC ; 
that is, AB = AC. 

Q.E.D. 

Corollary. Hence if a triangle is equiangular U is also 
equilateral. 



A THEOREM ANT> ITS CONVERSE. 

NOTE ON THEOREMS 5 AND 6. 

Theorems 5 and 6 may be verified ex- /\ 

perimentally by catting out the given / \ 

A ABC, and, after turning it over, fitting / \ 

it thus reversed into the vacant apace left /' 
in the paper. / 




r c' 

Suppose A'B'C to be the original position of the A ABC, and let 
ACB represent the triangle when reversed. 

In Theorem 5, it will be found on applying A to A' that C may be 
made to fall on B', and B on C. 

In Theorem 6, on applying C to B' and B to C we find that A will 
fall on A'. 

In either case the ^ven triangle reversed will coincide with its own 
" trace," so that the side and angle on the left are respectively equal to 
^he side and angle on the right. 



NOTE ON A THEOREM AND ITS CONVERSE. 

The enunciation of a theorem consists of two clauses. The first 
clause tells us what we are to assume, and is called the bjrpotheslB ; the 
second tells us what it is required to prove, and is called the conclusion. 

For example, the enunciation of Theorem 5 assumes that in a certain 
triangle ABC tfie side AS = the side AC: this is the hyjwthesis. From 
this it is required to prove that the angle ABC = th^, angle ACB : this is 
the conclusion. 

If we interchange the hypothesis and conclusion of a theorem, we 
enunciate a new theorem which is called the converse of the first. 

For example, in Theorem 5 

it is assumed that AB = AC ; 'i 

it is required to prove that the angle ABC = the angle ACB. / 

Now in Theorem 6 

it is assumed that the angle ABC = the angle ACB ;\ 
it is required to prove that AB = AC. / 

Thus we see that Theorem 6 is the converse of Theorem 6 ; for the 
hj/potJiesis ofea>ch is the contusion of the other. 

In Theorem 6 we employ an indirect method of proof frequently 
used in geometry. It consists in shewing that the theorem cannot he 
untrue ; since, if it were, we should be led to some impossible conclusion. 
This form of proof is known as Reductio ad Absurdum, and is most 
commonly used in demonstrating the converse of some foregoing theorem. 

It must not however be supposed that if a theorem is true, its coD' 
verse is necessarily true. [See p. 25.] 
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Theorem 7. [Euclid I. 8.] 

If two triangles have the three sides of the one equal to the 
tides of the other^ each to each, they are equal in all respects. 





Let ABC, DEF be two triangles in which 
AB=DE, 
AC = DF, 
80 = EF. 

It is required to prove thai the triangles are equal in all respects. 



Proof. Apply the A ABC to the A DEF, 

so that B falls on E, and BC along EF, and 

so that A is on the side of EF opposite to D. 

Then because BC=iEF, C must fall on F. 

Let GEF be the new position of the A ABC. 

Join DG. 

Because ED = EG, 

.-. theLEDG = theLEGD. 



Theor. 5. 



Again, because FD = FG, 
.-. theZ-FDG = theLFGD. 



Hence the whole l EDF = the whole l EGF, 
that is, the ^ EDF = the L BAC. 

Then in the A' BAC, EDF ; 
( BA=ED, 

because \ AC = DF, 

(and the included l BAC = the included z. EDF ; 

.'. the triangles are eqtial in all respects. Theor. 4. 

Q.E.D. 
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Ohs. In this Theorem 

it is given that AB f= DE, BC = fiP, €A = FD ; 

and we^(M» that Z-C = Z-F, lA^lD, lB^lE. 
Also the triangles are equal in area. 

Notice that the angles which are proved equal in the two triangles 
are opposite to sides which were given equal. 



Note 1. We have taken the case in which DQ falls within the 
z.» EDF, EGF. 

Two other cases might arise : 

(i) DG might fall outside the L* EDF, EGF [as in Fig. 1]. 
(ii) DG might coincide with DF, FQ [as in Fig. 2]. 





These cases will arise only when the given triangles are obtuse- 
angled or right-angled ; and (as will be seen hereafter) not even then, 
if we begin by choosing for superposition the grecUeat side of the A ABC, 
as in the diagram of page 24. 

Note 2. Two triangles are said to be equiangular to cue another 
when the angles of one are respectively equal to the angles of the other. 

Hence if ttvo triangles have the three sides of one severally equaZ to the 
three sides of the other y the triangles are equiangular to one another. 

The student should state the converse theorem, and shew by a 
diagram that the converse is not necessarily true. 



*^(.* At this stage Problems 1-5 and 8 [see page 70] may 
conveniently be takm, the proofs affording good iUustratiops of the 
Identical Equality of Two Triangles. 
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£X£RCISES. 



On The Identical Equality of Two Tbianoles. 
Theorems 4 and 7. 

{T?teoretical,) 

1. Shew that the straight line which joins the vertex of an isosceles 
triangle to the middle point of the base, 

(i) bisects the vertical angle : 
(ii) is perpendicular to the base. 

2. If ABCD is a rhombus, that is, an equilateral foursided figure ; 
shew, by drawing the diagonal AC, that 

(i) the angle ABC = the angle ADC ; 
(ii) AC bisects each of the angles BAD, BCD. 

3. If in a quadrilateral ,ABCD the opposite sides are equal, namely 
AB = CD and AD = CB ; prove that the angle ADC = the angle ABC. 

4. If ABC and DBC are two isosceles triangles drawn on the same 
base BC, prove (by means of Theorem 7) that the angle ABD = the 
angle ACD, taking (i) the case where the triangles are on the same side 
of BC, (ii) the case where they are on opposite sides of BC. 

6. If ABC, DBC are two isosceles triangles drawn on opposite 
sides of the same base BC, and if AD be joined, prove that each of the 
angles BAC, BDC will be divided into two equal parts. 

6. Shew that the straight lines which join the extremities of the 
base of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another. 

7. Two given points in the base of an isosceles triangle are equi- 
distant from the extremities of the base : shew that they are also 
equidistant from the vertex. 

8. Shew that the triangle formed by joining the middle points 
of the sides of an equilateral triangle is also equilateral. 

9. ABC is an isosceles triangle having AB equal to AC ; and the 
angles at B and C are bisected by BO and CO : shew that 

(i) BO=CO; 

(ii) AC bisects the angle BAC. 

10. Shew that the diagonals of a rhombus [see Ex. 2] bisect one 
another at right angles. 

11. The equal sides BA, CA of an isosceles triangle BAC are pro- 
duced beyond the vertex A to the points E and F, so that AE is equal 
to AF ; and FB, EC are joined : shew that FB is ecpisA to EC. 
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EXERCISES ON TRIANGLES. 
{NumericcU and Graphical,) 

1 . Draw a triangle ABC, having given a = 2 "0*, 6 = 2 * 1*, c = 1 'y. 
Measure the angles, and find their sum. 

2. In the triangle ABC, a=7'5 cm., 6=7*0 cm., and c=6'6 cm. 
Praw and measure the perpendicular from B on CA. 

3. Draw a triangle ABC, in which a=7 cm., 6=6 cm., C=65'. 
How would you prove theoretically that any two triangles havinff 

these parts are alike in size and shape? Invent some experimentiS 
illustration. 

" 4. Draw a triangle from the following data : 6=2", c=2'6'', A =67"; 
and measure a, B, and Q. 

Draw a second triangle, usins as data the values just found for a, 
B, and C ; and measure 6, c, and A. What conclusion do you draw ? 

5. A ladder, whose foot is placed 12 feet from the base of a house, 
reaches to a window 35 feet above the ground. Draw a plan in which 
I" represents 10 ft. ; and find by measurement the length of the ladder. 

6. I go due North 99 metres, then due Eeist 20 metres. Plot my 
course (scale 1 cm. to 10 metres), and find by measurement as nearly sis 
you can how. far I am from my starting point. 

7. When the sun is 42*" above the horizon, a vertical pole casts a 
shadow 80 ft. long. Represent this on a diagrem (scale 1 to 10 ft. ) ; 
and find by measurement the approximate height of the pole. 

8. From a point A a surveyor goes 150 yards due East to B ; then 
300 yards due North to C ; finally 450 yards due West to D. Plot his 
course (scale \" to 100 yards) ; and find roughly how far D is from A. 
Measure the angle DAB, and say in what direction D bears from A. 

9. B and C are two points, known to be 260 yards apart, on a 
straight shore. A is a vessel at anchor. The ancles CBA, BCA are 
observed to be 33' and 81" respectively. Find grapnically the approxi- 
mate distance of the vessel from the points d and C, and from the 
nearest point on shore. 

10. In surveying a park it is required to find the distance between 
two points A and o ; but as a lake intervenes, a direct measurement 
cannot be made. The surveyor therefore takes a third point C, from 
which both A and B are accessible, and he finds CA = 245 yards, 
CB = 320 yards, and the angle ACB=42°. Ascertain from a plan the 
approximate distance between A and B. 



28 GEOMETRY. 



Theorem 8. [Euclid I. 16.] 

If one side of a triangle is produced, then the exterior angle is 
greater than either of the interior opposite angles. 




Let ABC be a triangle, and let BC be produced to D. 

It is required to prove that the exterior l ACD is greater than 
either of the interior opposite z.' ABC, BAC. 

Suppose E to be the middle point of AC 

Join BE ; and produce it to F, making EF equal to BE. 

Join FC. 

Proof. Then in the A' AEB, CEF, 

(AE = CE, 
EB = EF, 
and the l AEB = the vertically opposite ^ CEF ; 

.-. the triangles are equal in all respects ; Theor. 4. 
so that the L BAE = the L ECF. 

But the Z- ECD is greater than the lECF ; 

.-. the L ECD is greater than the L BAE ; 

that is, the z. ACD is greater than the L BAC. 

In the same way, if AC is produced to G, by supposing A to 
be joined to the middle point of BC, it may be proved that 
the L BCQ is greater than the l ABC. 

But the L BCG = the vertically opposite L ACD. 
.'. the z. ACD is greater than the z. ABC. 

Q.E.D. 
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Corollary 1. Any two angles of a triomgle are together less 
than two right angles. 

For the Z.ABC is less than the Z.ACD : Proved, 
to each add the Z.ACB. 
Then the Z.> ABC, ACB are less than the Z.«ACD, ACB, 
therefore, less than two right angles. 



Corollary 2. Every triangle must have at least ttoo acute 
angles. 

For if one angle is obtuse or a right ansle, then by Cor. 1 each of the 
other angles must be less than a right angle. 

Corollary 3. Only one perpendicular can be draivn to a 
straight line from a given point outside it. 




P 



If two perpendiculars could be drawn to AB from 
P, we should have a triangle PQR in which each of 
the L* PQR, PRQ would oe a right angle, which is 
impossible. 



A Q R B 



EXERCISES. 

1. Prove Corollary 1 by joining the vertex A to any point in the 
base BO. 

2. ABC is a triangle and D any point within it. IfBD and CD art 
jwned^ the angle BDC is greater than the angle BAG. Prove this 

(i) by producing BD to meet AC. 
(ii) by joining AD, and producing it towards the base. 

3. If any side of a triangle is produced both ways, the exterior 
angles so fonhed are together greater than two right angles. 

4. To a given straight line there cannot be drawn from a point out- 
side it more than two straight lines of the same given length. 

5. If the equal sides of an isosceles triangle are produced, thQ 
iaxterior angles must be obtuse. 
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Theorem 9. [Euclid I. 18.] 

If one side of a triangle is greater than another, then the angle 
opposite to the greater side is greater than the angle ojoposUe to the 




Let ABC be a triangle, in which the side AC is greater than 
the side AB. 

It is required to prove that the l ABC is greater than the L ACB. 

From AC cut off AD equal to AB. 
Join BD. 

Proof. Because AB = AD, 

.% thez.ABD = thez.ADB, Theor, b. 

But the exterior 2LADB of the ABDO is greater than the 
interior opposite l DCB, that is, greater than the l ACB. 

.'. the Z.ABD is greater than the Z.ACB. 
Still more then is the Z-ABC greater than the Z.ACB. 

Q.E.D. 

Ohs. The mode of demonstration used in the following Theorem 
is known as the Proof by Exhaustion. It is applicable to cases in which 
one of certain suppositions must necessarily be true ; and it consists in 
shewing that each of these suppositions is false with one exception : 
hence the truth of the remaining supposition is inferred. 
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Theorem 10. [Euclid I. 19.] 

If one angle of a triangle is gi-eater than another, then the side 
opposite to the greater angle is greater than the side opposite to the 
less. 




Let ABC be a triangle, in which the Z.ABC is greater than 
the L ACS. 

It is required to prove that the side AC is greater than the 
side AB. 

Proofl If AC is not greater than AB, 

it must be either equal to, or less than AB. 

Now if AC were equal to AB, 
then the L ABC would be equal to the l ACB ; Theor, 5. 
but, by hypothesis, it is not. 

Again, if AC were less than AB, 
then the z. ABC would be less than the z. ACB ; Theor. 9. 
but, by hypothesis, it is not. 

That is, AC is neither equal to, nor less than AB. 

,\ AC is greater than AB. Q.E.D. 

[For Exercises on Theorems 9 and 10 see page 34.] 
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Theorem 11. [Euclid I. 20.] 

Any two sides of a triangle are together greater than the third 
side. 




Let ABC be a triangle. 

It is required to 'prove that any tivo of its sides are together 
greater than the third side. 

It is enough to shew that if BC is the greatest side, theu 
BA, AC are together greater than BC. 

Produce BA to D, making AD equal to AC. 
Join DC. 

Proof. Because AD = AC, 

.-. theZ-ACD = thez.ADC. Thear. 5. 

But the L BCD is greater than the l ACD ; 

.-. the Z- BCD is greater than the z. ADC, 

that is, than the l BDC. 

Hence from the A BDC, 

BD is greater than BC. Theor, 10. 

But BD = BA and AC together ; 
.*. BA and AC are together greater than BC. 

Q.E.D. 



Note. This proof may serve as an exercise, but the truth of the 
Theorem is really self-evident. For to go from B to C along the 
straight line BC is clearly shorter than to go from B to A and then 
from A to C. In other words 

The shortest distance between two points is the straight line which joins 
them. 
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Theorem 12. 

Of all straight lines dravm from a given point to a given straight 
line the perpendicular is the least. 



/ 
/ 




Let OC be the perpendicular, and OP <my oblique, drawn from 
the given point O to the given straight line AB. 

It is required to prove that OC is less than OP. 

Proof. In the a OOP, since the l OOP is a right angle, 

.-. the Z-OPC is less than a right angle ; Theor. 8. Cor, 
that is, the L OPC is less than the l OOP. 

.'. OC is less than OP. Theor. 10. 

Q.E.D. 



Corollary 1. Hence conversely, since there can be only 
one perpendicular and one shortest line from O to AB, 

If OC is the shortest straight line from O to AB, then OC is 
perpendicular to AB. 

Corollary 2. Tiw obliques OP, OQ, which cut AB at equal 
distanxxs from C the foot of the perpendicular, are equal. 

The A" OOP, OCQ may be shewn to be congruent by Theorem 4 ; 
hence OP=OQ. 

Corollary 3. Of two obliques OQ, OR, z/ OR cuts AB at the 
greater distance from C the foot of the perpendicular, then OR is 
greater than OQ. 

The LOQiO is acute, /. the Z.OQR is obtuse ; 

.*. the Z.OQR is greater than the Z.ORQ ; 
.°. OR is greater than OQ. 

H.8.O. 
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EXERCISES ON INEQUALITIES IN A TRIANGLE. 

1. The hypotenuse is the greatest side of a right-angled triangle, 

2. TJie greatest side of any triangle makes acute angles with ea>ch of 
he other sides. 

^ 3. If from the. ends of a side of a triangle^ two straight lines are 
draivn to a point within the triangle^ then these straigJU lines are together 
less than the other two sides of the trian/jle. 

4. BC, the base of an isosceles triangle ABC, is produced to any 
point D ; shew that AD is greater than either of the equal sides. 

5. If in a quadrilateral the greatest and least sides are opposite 
to one another, then each of this angles adjacent to the least side is 
greater than its opposite angle. 

6. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 

7. ABC is a triangle, in which OB, OC bisect the angles ABC, 
ACB respectively : shew that, if AB is greater than AC, then OB is 
greater than OC. 

8. The difference of any two sides of a triangle is less than the 
third side. 

9. The sum, of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 

\J(* 10. The perimeter of a quadrilateral is greater than the sum of 
its diagonals. 

11. ABC is a triangle, and the vertical angle BAC is bisected by 
a line which meets BC in X ; shew that BA is greater than BX, and 
CA greater than CX. Hence obtain a proof of Theorem 11. 

n/12. The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle. 

13. The sum of the diagonals of a quadrilateral is less than the 
sum of the four straight lines drawn from the angular points to any 
given point. Prove this, and point out the exceptional case. 

14. In a triangle any two sides are together greater than twice the 
median which bisects the remaining side. 

[Produce the median, and complete the construction after the 
manner of Theorem 8.] 

15. In any triangle the sum of the medians is less than the perimeter. 



y 
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Definition. Parallel straight lines are such as, being in 
the same plane, do not meet however far they are produced 
beyond both ends. 

Note. Parallel lines must be in the game plane. For instance, two 
straight lines, one of which is drawn on a table and the other on the 
floor would never meet if produced ; but they are not for that reason 
necessarily parallel. 

Axiom. 2\vo intersecting straight lines cannot both be parallel 
to a third straight line. 

In other words : 

Through a given point there can be only one straight line parallel 
to a given straight line. 

This assumption is known as Play f air'* s Axiom. 

Definition. When two straight lines AB, CD are met by 
a third straight line EF, eight angles are formed, to which for 
the sake of distinction particular names are given. 

Thus in the adjoining figure, 
1, 2, 7, 8 are called exterior angles, 
3, 4, 5, 6 are called interior angles, 
4 and 6 are said to be alternate angles ; 
80 also the angles 3 and 5 are alternate 

to one another. 

Of the angles 2 and 6, 2 is referred 
to as the exterior angle, and 6 as the 
interior opposite angle on the same side 
of EF. -Such angles are also known as corresponding angles. 
Similarly 7 and 3, 8 and 4, 1 and 5 are pairs of corresponding 
angles. 




C^ - .. 
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Theorem 13. [Euclid I. 27 and 28.] 

If a straight line cuts two other straight lines so as to make 
(i) the alternate angles equal, 
or (ii) an exterior angle equal to the interior opposite angle on the 

same side of the catting line, 
or (iii) the interior angles on the same side equal to two right 

angles ; 
then in each case the two straight lines are parallel. 




(i) Let the straight line EGHF cut the two straight lines 
AB, CD at G and H so as to make the alternate i.'AGH, GHD 
equal to one another. 

It is required to prove that AB and CD are parallel. 

Proof. If AB and CD are not parallel, they will meet, if 
produced, either towards B and D, or towards A and C. 

If possible, let AB and CD, when produced, meet towards B 
and D, at the point K. 

Then KG H is a triangle, of which one side KG is produced to A ; 
.-. the exterior Z-AGH is greater than the interior opposite 
Z-GHK ; but, by hypothesis, it is not greater. 

.-. AB and CD cannot meet when produced towards B and D. 
Similarly it may be shewn that they cannot meet towards 
A and C : 

,•. AB and CD are parallel. 
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(ii) Let the exterior l EGB = the interior opposite l GHDo 
It is required to prove that AB and CD are parallel. 

Proof. Because the l EGB = the z. GH D, 

and the l EGB = the vertically opposite z. AGH ; 
.-. thei.AGH = theZ-GHD: 

and these are alternate angles ; 
.-. AB and CD are parallel. 

(iii) Let the two interior l' BGH, GHD be together equal to 
two right angles. 

It is required to prove that AB and CD are parallel. 

Proof. Because the Z-"BGH, GHD together = two right 
angles; 
and because the adjacent l'BGH, AGH together = two right 

angles ; 

.-. the L' BGH, AGH together = the z.' BGH, GHD. 

From these equals take the lBGH; 
then the remaining l AGH = the remaining lQHD: 

and these are alternate angles ; 
.*. AB and CD are parallel. 

Q.E.D. 

Definition. A straight line drawn across a set of given 
lines is called a transversal. 

For instance, in the above diagram the line EGHF, which crosses the 
given lines AB, CD is a transversal. 
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Theorem 14. [Euclid I. 29.] 

If a straight line cuts two parallel lines, it makes 

(i) the alternate angles equal to one another ; 

(ii) the exterior angle equal to the interior opposite aaigle on the 
same side of the cutting line ; 

(iii) the two interior angles on the same side together equal to two 
right angles. 




Let the straight lines AB, CD be parallel, and let the 
straight line EGHF cut them. 

It is required to prove that 
(i) theLkOiH^iheaUeniaULQ^HO', 
(ii) the exterior l EQB = the interior opposite z. GHD ; 

(iii) the ttoo interior z." BGH, QHD together^ two right angles. 

Proof, (i) If the Z-AGH is not equal to the Z-GHD, 
suppose the L PGH equal to the l GHD, and alternate to it ; 

then PG and CD are parallel. Theor. 13. 

But, by hypothesis, AB and CD are parallel ; 
/, the two intersecting straight lines AG, PG are both parallel 
to CD : which is impossible. Playfair^s Axiom, 

,', the Z- AGH is not unequal to the Z-GHD ; 
that is, the alternate Z-'AGH, GHD are equal. 

(ii) Again, because the Z-EGB = the vertically opposite 
tAGHj 

and the l AGH = the alternate z. GHD ; Proved, 

.*. the exterior l EGB = the interior opposite l QHD. 



PARALLEUB. 39 

(iii) Lastly, the l EQB = the i. GHD ; Framed. 

add to each the L BGH ; 
then the L'EGB, BGH together = the angles BGH, QHD. 

But the adjacent ^' EGB, BGH together = two right angles ; 
.-. the two interior l' BGH, GHD together = two right angles. 

Q.E.D. 



PARALLELS ILLUSTRATED BY ROTATION. 

The direction of a straight line is determined by the angle which 
it makes with some given line of reference. 

Thus the direction of AB, relatively to the given line YX, is given by 
the angle APX. 

Now suppose that AB and CD in 
the adjoining diagram are parallel ; 
then we have learned that 
theext. Z- APX = the int. opp. Z.CQX; 
that is, AB and CD mjaJct eqvjal angles 
with the line of reference YX. 

This brings us to the leading idea 
connected with parallels : 
Parallel straight lines have the same 
DIRECTION, but differ in positidn. 

The same idea may be illustrated 
thus : 

Suppose AB to rotate about P through the Z-APX, so as to take the 
position XY. Thence let it rotate about Q the opposite way through 
the equal Z.XQC : it will now take the position CD. Thus AB may be 
brought into the position of CD by two rotations which, being equal 
and opposite, involve no final change of direction. 

Hypothetical Construction. In the above diagram let 
AB be a fixed straight line, Q a fixed point, CD a straight 
line turning about Q, and YQPX any transversal through Q. 
Then as CD rotates, there must be one position in which the 
LCQX = the fixed Z.APX. 

Eence through any given point we may assume a line to pass 
parallel to any given straight line. 

Obs. If AB is a straight line, movements from A towards 
B, and from B towards A are said to be in opposite senses 
ol the line AB. 
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Theorem 15. [Euclid I. 30.] 

Straight lines which are parallel to the same straight line art 
parallel to one another. 



Z 



Ey 

B 



it 



Q 



Let the straight lines AB, CD be each parallel to the straight 
line PQ. 

It is required to prove that AB and CD are parallel to one 
another. 

Draw a straight line EF cutting AB, CD, and PQ in the 
points G, H, and K. 

Proof. Then because AB and PQ are parallel, and EF meets 
them, 

. • . the Z- AGK = the alternate l GKQ, 

And because CD and PQ are parallel, and EF meets them, 
.*. the exterior i. QHD = the interior opposite ii'GKQ. 

.-. theLAGH = thei.GHD; 

and these are alternate angles ; 

.-. AB and CD are parallel. 

Q.E.D. 



Note. If PQ lies between AB and CD, the Proposition needs no 
proof; for it is inconceivable that two straight lines, which do not 
meet an intermediate straight line, should meet one another. 

The truth of this Proposition may be readily deduced from Playfair's 
Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meet when produced. 
Then there would be two intersecting straight lines both parallel to a 
third straight line : which is impossible. 

Therefore AB and CD never meet ; that is, they are paralleL 
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BXERCISES ON PARALLELS. 

L In the diagram of the previous page, if the angle EGB is 55*, 
express in degrees each of the angles QnC, HKQ, QKF. 

2. Straight lines which are perpendicular to the same straight line are 
parallel to one another, 

3. If a straight line meet tvoo or more parallel straight lines, and is 
perpendicular to one of them, it is also j^erpmdicular to all the others, 

4. Angles of which the arms are parallel, each to each, are either 
eqwjl or suppleTnentary. 

5. Two straight lines AB, CD bisect one another at O. Shew that 
the straight lines joining AC and BD are parallel. 

6. Any straight line drawn parallel to the base of an isosceles tri- 
angle makes equal angles with the sides. 

7. If from any point in the bisector of an angle a straight line is 
drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles. 

8. From X, a point in the base BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA produced in Z : shew the triangle AYZ is isosceles. 

9. If the straight line which bisects an exterior angle of a triangle 
is parallel to the opposite side, shew that the triangle is isosceles. 

w^lO. The straight lines drawn from any point in the bisector of an 
angle parallel to the arms of the angle, and terminated by them, are 
equal ; and the resulting figure is a rhombus. 

li. AB and CD are two straight lines intersecting at D, and the 
adjacent angles so formed are bisected : if through any point X in DC a 
straight lin6 YXZ is drawn parallel to AB and meeting the bisectors in 
Y and Z, shew that XY is equal to XZ. 

32. Two straight rods PA, QB revolve about pivots at P and Q, PA 
making 12 complete revolutions a minute, and QB makine 10. If they 
start parallel and pointing the same way, how long will it be before they 
are again parallel, (i) pointing opposite ways, (ii) pointing the same way? 
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Theorem 16. [Euclid I. 32.] 

Tli^e three angles of a triangle are together equal to two right 
angles. 




Let ABC be a triangle. 

It IS required to prove that the three l* ABC, BCA, CAB together 
= two right angles. 

Produce BC to any point D ; and suppose CE to be the line 
through C parallel to BA. 

Proof. Because BA and CE are parallel and AC meets them, 
. • . the Z- ACE = the alternate l CAB. 

Again, because BA and CE are parallel, and BD meets them. 
. •. the exterior l ECD = the interior opposite l ABC. 

»•. the whde exterior LACD = the sum of the tvx> interior opposite 
L'CAB, ABC. 

To each of these equals add the l BCA ; 
then the L* BCA, ACD together = the three l' BCA, CAB, ABC. 

But the adjacent l': BCA, ACD together = two right angles. 
.-. the L* BCA, CAB, ABC together = two right angles. 

Q.E.D. 



Obs. In the course of this proof the following most im- 
portant property has been established 

If a^side of a triangle is produced the exterior angle Js equal to 
the sum of the two interior opposite angles. ^ 

Namely, the ext. L ACD = the l CAB + the Z. ABC. 
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INFERSNGES FROM THEOREM 16. 

1. If f<, Bj and C denote the number of degrees m the angles of 
a triangle, 

then A+B + C=lSO\ 

2. IJ two triangles have two angles of the one respectively equal 
to two angles of the other, then the third angle of the one is equal to 
the third angle of the other, 

3. In any right-angled triangle the two acute angles are cample- 
mentary. 

4. If one angle of a triangle is equal to the sum of the other 
two, the triangle is right-angled, 

5. The sum of the angles of any quadrilateral figure is equal to 
four right angles. 



EXERCISES ON THEOREM 16. 

1. Each angle of an equilateral triangle is two-thirds of a right 
angle, or 60°. 

2. In a right-angled isosceles triangle each of the equal angles 
is 45°. 

3. Two angles of a triangle are 36° and 123° respectively : deduce 
the third angle ; and verify your result by measurement. 

4. In a triangle ABC, the Z-B = lir, the Z.C=42°; deduce the Z.A, 
and verify by measurement. 

5. One side BC of* a triangle ABC is produced to D. If the exterior 
angle ACD is 134° ; and the angle BAC is 42° ; find each of the remaining 
interior angles. 

6. In the figure of Theorem 16, if the Z. ACD = 118°, and the 
Z- B = 51°, find the L* k and C ; and check your results by measurement. 

7. Prove that the three angles of a triangle are together equal to two 
right angles by supposing a line dravm through the vertex parallel to the 
hose. 

8. If two straight lines are peTpendicular to two other straight lines, 
each to each, the acute angle between the first pair is equal to the acute 
angle hetvoeen the second pair. 
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Corollary 1. All the interior angles of any rectilineal Jiaure, 
together with four right angles, are equal to twice as many^right 
angles as thefigme has sides. 




Let ABODE be a rectilineal figure of 2L sid es. 

It is required to prove that all the interior angles -{• 4: rt. l' 
= 2n rt. L\ 

Take any point O within the figure, and join O to each of 
its vertices. 

Then the figure is divided into n triangles. 

And the three z." of each A together = 2 rt. l*. 
Hence all the L* of all the A' together = 2n rt. l\ 

But all the z.' of all the A ■ make up all the interior angles 
of the figure together with the angles at O, which = 4 rt. i.* 

.-. all the int. L* of the figure + 4 rt. z.' = 2w rt. l*. 

Q.E.D. 

Definition. A regular polygon is one which has all its 
sides equal and all its angles equal. 

Thus if D denotes the number of degrees in each angle of 
a regular polygon of n sides, the above result may be stated 
thus : 

wD + 360'' = w.l80*. 



example. 

Find the number of degrees in each angle of 

(i) a regular hexagon (6 sides) ; 
(ii) a regular octagon (8 sides) ; 
(iii) a regular decagon (10 sides). 
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^ EXERCISES ON THEOREM 16. 

{Numerical and Oraphicai.) 

1. ABC is a triangle in which the angles at B and C are re- 
spectively double and treble of the angle at A : find the number of 
degrees in each of these angles. 

2. Express in degrees the angles of an isosceles triangle in which 
(i) Each base angle is double of the vertical angle ; 

(ii) Each base angle is four times the vertical angle. 

3. The base of a triangle is produced both ways, and the exterior 
angles are found to be 94** and 126" ; deduce the vertical angle. Con- 
struct such a triangle, and check your result by measurement. 

4. The sum of the angles at the base of a triangle is 162", and their 
difference is 60" : find all the angles. 

5. The angles at the base of a triangle are 84" and 62" ; deduce 
(i) the vertical angle (ii) the angle between the bisectors of the base 
angles. Check your results by construction and measurement. 

6. In a triangle ABC, the angles at B and C are 74" and 62" ; if AB 
aiid AC are produced, deduce the angle between the bisectors of the 
exterior angles. Check your result graphically. 

7. Three angles of a quadrilateral are respectively 114^", 50", and 
75^" ; find the fourth angle. 

8. In a quadrilateral ABCD, the angles at B, C, and D are re- 
spectively equal to 2A, 3A, and 4A ; find all the angles. 

9. Four angles of an irregular pentagon (5 sides) are 40", 78", 122", 
and 135" ; find the fifth angle. 

2(n — 2) 

10. In any regvlar polygon of n sides, each angle contains — i -' 

right angles. ^ 

(i) Deduce this result from the Enunciation of Corollary 1. 
(ii) Prove it independently by joining one vertex A to each of the 
others (except the two immediately adjacent to A), thus dividing the 
polygon into n-2 triangles. 

'11. How many sides have the regular polygons each of whose 
angles is (i) 108", (ii) 156"? 

12. Shew that the only regular figures which may be fitted together 
so as to form a plane surface are (i) equilateraX triangles, (ii) aqva/reSr 
(iii) regvloflr hexagoru-^ 
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Corollary 2. If the sides of a redilined figure, which has 
no re-entrant angle, are produced in order, then- all the exterior 
cmgks so formed are together equal to four right angles. 



^ 



1st Proof. Suppose, as before, that the figure has n sides ; 
and consequently n vertices. 

Now at eadi vertex 

the interior l + the exterior z. = 2 rt. l" ; 
and there are n vertices, 
.•. the sum of the int. L' + the sum of the ext. L* = 2n rt. l'. 

But by Corollary 1, 

the sum of the int. z.' + 4 rt. l* = 2n rt. z.'; 

. •. the sum of the ext. z.' = 4 rt. z.'. 

Q.E.D 

2nd Proof. 




Take any point O, and suppose Oa, 06, Oc, Od, and Oe, are 
lines parallel to the sides marked, A, B, C, D, E (and drawn 
from O in the sense in which those sides were produced). 
Then the exterior l between the sides A and B « the l aOb, 
And the other exterior z.' = the L'bOc, cOd, dOe, eOo, 
respectively. 

.*. the sum of the ext. z_*»the sum of the l* at O 
= 4 rt. L\ 



THE ANGLES OF RECTILINEAL FIGURES. 
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EXERCISES. 

1. if one side of a regular hexagon ib produced, shew that the 
exterior angle is equal to the interior angle of an equilateral triangle. 

2. Express in degrees the magnitude of each exterior angle of 
(i) a regular octagon, (ii) a regular decagon. 

3. How many sides has a regular polygon if each exterior angle is 

.'1)30% (ii)24*'? 

4. If a straight line meets two parallel straight lines, and the two 
interior ancles on the same side are bisected, shew that the bisectors 
meet at right angles. 

c/ 5. If the base of any triangle is produced both ways, shew that the 
sum of the two exterior angles mintu the vertical angle is equal to two 
right angles. 

^y 6. In the triangle ABC the base angles at B and C are bisected by 

BO and CO respectively. Shew that the angle BOC = 90'' + 2- 

sy 7. In the triangle ABC, the sides AB, AC are produced, and the 
exterior angles are bisected by BO and CO. Shew that the angle 

' BOC=90'-^. 

y^ 8. The angle contained by the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of the remaining angles. 

9. A is the vertex of an isosceles triangle ABC, and BA is produced 
to D, so that AD is equal to BA ; if DC is drawn, shew that BCD is a 
right angle. 

10. The straight line joining the middle point of the hypotenuse 
of a right-angled triangle to the right angle is equal to half the 
hypotenuse. 



EXPERIMENTAL PROOF OF THEOREM 16. [A + B + C = 180^ ] 

In the A ABC, AD is perp. to BC the 
greatest side. AD is bisected at right 
angles by ZY ; and YP, ZQ are perp». on 

If now the A is folded about the three 
dotted lines, the Z.* A, B, and C will coin- 
cide with the L* ZDY, ZDQ, YDP ; 
.'. their sum is ISO**. 
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Theorem 17. [Euclid I. 26.] 

If two triangles hav e two amies of one e qual to t wo angles of the 
othefi\ each to each, and jfiniiside o f the first equal to the corresponding 
side of the other^ the triangles are eqvai in all respects. 





Let ABC, DEF be two triangles in which 
the z. A = the l D, 
the z- B = the l E, 
also let the side BC = the corresponding side EF. 

It is required to prove that the a" ABC, DEF are equal in all 
reacts. 

Proof. The sum of the z." A, B, and C 

= 2Tt,L' Thear.16. 

= the sum of the ^* D, E, and F , 
and the l* A and B = the J" O and E respectively, 
.-. the Z-C = the ^F. 

Apply the A ABC to the A DEF, so that B falls on E, and 
BC along EF. 

Then because BC = EF, 
.*. C must coincide with F. 

And because the lB = the ._ E, 
.*. BA must fall along ED. 

And because the z. C = the l F, 
.'. CA must fall along FD. 

.'. the point A, which falls both on ED and on FD, must coin- 
cide with D, the point in which these lines intersect. 

.-. the A ABC coincides with the A DEF, 
and is therefore equal to it in all respects. 
So that AB = DE, and AC = DF ; 
and the A ABC = the A DEF in area. Q.B.D. 
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EXERCISES. 
On the Id£ntical Equality of Triangles. 

1. Shew that the perpendiculars drawn frpm the extremities of the 
base of an isosceles triangle to the opposite sides are equal. 

2. Any point on the bisector of an angle is equidistant from, the arms 
of the angle. 

3. Through O, the mMdle point of a straight line AB, any straight 
line is drawn, and perpendiculars AX and BY are dropped upon it from 
A and B : shew that AX is equal to BY. 

4. If the bisector of the vertical angle of a triangle is at right 
angles to the base, the triangle is isosceles. 

5. If in a triangle the perpendicular from the vertex on the base 
bisects the bcbse, then the triangle is isosceles. 

6. If the bisector of the vertical angle of a triangle also bisects the 
base, the triangle is isosceles. 

[Produce the bisector, and Complete the construction after the 
manner of Theorem 8.] 

7. The middle point of any straight line which meets two parallel 
straight lines, and is terminated by them, is equidistant from the 
parallels. 

8. A straight line drawn between two parallels and terminated bv 
them, is bisected ; shew that any other straight line passing through 
the middle point and terminated by the parallels, is also .bisected at 
that point. 

^^-^ 9. If through a point equidistant from two parallel straight lines, 
two straight lines are drawn cutting the parallels, the portions of the 
latter thus intercepted are equal. 

10. In a quadrilateral, ABCD, if AB=AD, and BC = DC : shew that 
the diagonal AC bisects each of the angles which it joins ; and that AC 
is perpendicular to BD. 

11. A surveyor loishes to ascertain the breadth of a river which he 
cannot cross. Standing at a point A near the bank, he notes an object B 
immediately opposite on the other bank. He lays down a line AC of any 
length at right angles to AB, fixing a mark at O the middle point of AC, 
From C he walks along a line perpendicular to AC untU he reaches a point 
D from which O and B are seen in the same direction. He now measures 
CD : prove that the result gives him the width of the river ^ 
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ON THE roENTICAL EQUALITY OF TRIANGLES. 

Three cases of the congruence of triangles have been dealt 
with in Theorems 4, 7, 17, the results of which may be 
summarised as follows : 

Two triangles are equal in all respects when the following 
three parts in each are severally equal : 

1. Tvx) sides, and the indvded angle. Theorem 4. 

2. The three sides. Theorem 7 

3. Two angles and one side, the side given in one triangle 
CORRESPONDING to that given in the other. Theorem 17. 

Two triangles are not, however, necessarily equal in all 
respects when any three parts of one are equal to the corre- 
sponding parts of the other. 

For example : 

(i) When the three am^gles of one are 
equal to the three angles of the other, 
each to each, the adjoining diagram 
shews that the triangles need not be 
equal in all respects. 

(ii) When two sides and one angle in one are equal to two 
sides and one angle of the other, the given angles being opposite 
to equal sides, the diagram below shews that the triangles 
need not be equal in all respects. 





For if AB = DE, and AC = DF, and the z.ABC = the lDEF, it 
will be seen that the shorter of the given sides in the 
triangle DEF may lie in either of the positions DF or DF'. 

Note. From these data it may be shewn that the angles opposite 
to the equal sides AB, DE are either emjud (as for instance the L* ACB, 
DF'E) or sv/ppUmemtary (as the Z." ACB, DFE) j and that in the former 
case the triangles are equal in all respects. This is called thus 
ambigaooB case in the congruence of triangles. [See Problem 9, p. 82.] 

If the given angles at B and E are right-angles, the ambiguity dis- 
appears. This exception is proved in the following Theorem. 



CX)NGRTJENT TRUNGLES. 
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Theorem 18. 

7W rigJitAinrlAii iirtnnyiJM which kove their hypotenuses e (piaL 
am A fmp. sjAp. of One eqwol to one side of the other, are equal in ail 
respects. 





Let ABC, DEF be two right-angled triangles, in which 
the ^.'ABC, DEF are right angles, 
the hypotenuse AC = the hypotenuse DF, 
and AS = DE. 

It is required to prove that the A' ABC, DEF are equal in all 
respects. 

Proof. Apply the A ABC to the A DEF, so that AB falls 
on the equal line DE, and C on the side of DE opposite to F. 
Let C' be the point on which C falls. 
Then DEC represents the A ABC in its new position. 

Since each of the l' DEF, DEC is a right angle, 
.'. EF and EC are in one straight line. 

And in the A CDF, because DF= DC (i.e. AC), 

. ' . the I. DFC = the l DCF. Theor. 5. 

Hence in the A* DEF, DEC, 

(the L DEF = the L DEC', being right angles ; 
the L DFE = the L DCE, Proved, 

and the side DE is common 

.-. the A" DEF, DEC' are equal in all respects; Theor. 17. 
that is, the A' DEF, ABC are equal in all respects. 

Q.E.D. 
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♦Theorem 19. [Euclid I. 24.] 

If two triangles have two sides of the one equal to two sides of ihe 
other, each to each, but the angle included by the two sides of one 
greater than the angle included by the corresponding sides of 
the other; then the base of that which has the greater angle is 
greater than the base of the other. 




Let ABC, DEF be two triangles, in which 
BA=ED, 
and AC = DF, 
but the L BAC is greater than the ii EDF. 
It is required to prove that the base BC is greater than the 
base EF. 

Proof. Apply the A ABC to th^ A DEF, so that A falls on D, 
and AB along DE. 

Then because AB= DE, B must coincide with E. 

Let DG, GE represent ^AC, CB in their new position. 

Then if EG passes through F, EG is greater than EF ; 

that is, BC is greater than EF. 

But if EG does not pass through F, suppose that DK bisects 

the L FDG, and meets EG in K. Join FK. 

Then in the A* FDK, GDK, 

[ FD = GD, 

because < DK is common to both, 

[and thejncluded l FDK = the included L GDK ; 

.-. FK = GK. Theor. 4. 

Now the two sides EK, KF are greater than EF ; 
that is, EK, KG are greater than EF. 
.-. EG (or BC) is greater than EF. Q.E.D. 



OONVERSB OF THEOREM 19. 
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Conversely, if ttoo triangles have two sides of the one equal to two ' 
sides of the other, each to each, but the base' of one greater than the 
base of the other; then the angle contained by the sides of that which 
has ihe greater base, is greater than the aaigle contained by the 
corresponding sides of the other. 





Let ABC, DEF be two triangles in which 
BA = ED, 
and AC = DF, 
but the base BC is greater than the base EF. 

It is required to prove that the l BAC is greater than the l EDF. 

Proof. If the l BAC is not greater than the l EDF, 
it must be either equal to, or less than the z. EDF. 

Now if the l BAC were equal to the l EDF, 
then the base BC would be equal to the base EF ; Theor. 4. 
but, by hypothesis, it is not. 

Again, if the L BAC were less than the l EDF, 

then the base BC would be less than the base EF ; Theor, 19. 

but, by hypothesis, it is not. 

That is, the l BAC is neither equal to, nor less than the i. EDF ; 

.'. the L BAC is greater than the L EDF. 

Q.E.D. 



* Theorems marked toUh an asterisk may he omitted or postponed at the 
discretion of the teticher. 
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REVISION LESSON ON TRIANGLES. 

1. State the properties of a triangle relating to 

(i) the sum of its interior angles ; 
(ii) the sum of its exterior angles. 

What property corresponds to (i) in a polygon of n sides? With 
what other figures does a triangle share the property (ii) ? 

2. Classi^ triangles with regard to their angles. Enunciate any 
Theorem or (jorollary assumed in the classification. 

3. Enunciate two Theorems in which from data relating to the sides 
a conclusion is drawn relating to the angles. 

In the triangle ABC, if a =3*6 cm., 6=2*8 cm., c = 3'6 cm., arrange 
the angles in order of their sizes (before mesbsurement) ; and prove that 
the triangle is acute-angled. 

4. Enunciate two Theorems in which from data relating to the 
angles a conclusion is drawn relating to the sides. 

In the triangle ABC, if 

(i) A =48'* and 8=51^ find the third angle, and name the greatest 
side. 

(ii) A=B=62i^ find the third angle, and arrange the sides in order 
of their lengths. 

5. From which of the conditions given below may we conclude that 
the triangles ABC, A'B'C are identically equal? Point out where 
ambiguity arises ; and draw the triangle ABC in each case. 

rA = A' = 7r. ra=a'=4-2cm. ^A=A' = 36^ 

(i) 4B = B'=46^ (ii) 4 6=6' = 2-4cm. (iii) 4B = B' = 12r. 

[a=a' = 3-7cm. (C = C=8r. lC=C'=2d". 

ra=a' = 30cm. fB = B'=63". rC=C' = 90^ 

(iv) -^ *= 6'=5-2cm. (v) i 6=6'=4*3cm. (vi) i c=c'=6cm. 
( c= c'=4'5 cm. [c=c'=5*0cm. [a=a'=3cm. 

6. Summarise the results of the last question by stating generally 
under what conditions two triangles 

^ (i) are necessarily congruent ; 

(ii) may or may not be congruent. 

7. If tvx) triangles have their angles equal, each to each, the triangles 
art not necessarily equal in all respects, because the thru data art noi 
Independent. Carefully explain this statement. 
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{MiaceUanetma Examples,) 

8. (i) The perpendicular is the shortest line that can he dravon to a 
given straight line from a given point, 

(ii) OUUqnefl tohich make equal angles with the perpendicular a/re 
equal, 

(iii) Of two obliques the less is that which makes the smaller angle with 
the perpendicular, 

9. If two triangles have two sides of the one equal to two sides of the 
other J ea>ch to ea>ch, and have likewise the angles opposite to one pair of equal 
sides equal, then the angles opposite to the other pair of equal sides are 
either equal or supplementary, and in the former ca^e the triangles are 
equal in aU respects, 

10. PQ is a perpendicular (4 cm. in length) to a straight line XY. 
Draw through P a series of obliques making with PQ the angles 15°, 
30", 45'', 60*, 75°. Measure the lengths of these obliques, and tabulate 
the results. 

11. PAB is a trianele in which AB and AP have constant lengths 
4 cm. and 3 cm. If AB is fixed, and AP rotates about A, trace the 
changes in PB, as the angle A increases from 0° to 180°. 

Answer this question by drawing a series of figures, increasing A by 
increments of 30 . Measure PB in each case, and tabulate the results. 

12. From B the foot of a flagstaff AB a horizontal line is drawn 
passing two points C and D which are 27 feet apart. The angles BCA 
and BDA are 65° and 40° respectively. Represent this on a diagram 
(scale 1 cm. to 10 ft. ), and find by measurement the approximate height 
of the flagstafil 

13. From P, the top of a lighthouse PQ, two boats A and B are 
seen at anchor in a line due south of the lighthouse. It is known that 
PQ=126 ft., Z-PAQ=57°, Z-PBQ=33°; hence draw a plan in which 
1" represents 100 ft. , and find by measurement the distance between A 
and B to the nearest foot. 

14. From a lighthouse L two ships A and B, which are 600 yards 
apart, are observed in directions S.W. and 15° East of South respec- 
tively. At the same time B is observed from A in a S.E. direction. 
Draw a plan (scale 1" to 200 yds. ), and find by measurement the distance 
of the lighthouse from each ship. 
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GEOMETRY. 



PARALLELOGRAMS. 



DEFINITIONS. 



1. A quadrilateral is a plane figure bounded 
by four straight lines. 

The straight line which joins opposite angular 
points in a quadrilateral is called a diagonal. 

2. A parallelogram is a qere^rilate r al 
whose opposite sides are parallel, y^ 

[It will be proved hereafter that the opposite 
Bides of a parallelogram are equal, and that its 
opposite angles are equal.] 




3. A rectangle is a parallelogram which 
has one of its angles a right angle. ^ 

[It will be proved hereafter that all the angles of 
a rectangle are right angles. See page 59.] 



4. A square is a rectangle which has two 
adjacent sides equal, i^ 

[It will be proved that all the sides of a square are 
equal and all its angles right angles. See page 59.] 



em vi 



5. A rhombus is a ^oadrilatoy&l which 
has all its sides equal, but its angles are 
not right angles. 




6. A trapezium is a <^ 
one pair of parallel sides. 



["which has 
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Theorem 20. [Euclid I. 33.1 . 

The straight lines which join therfixtremities of two eqmL (md 
paralle l straight lines towards the same parts\are themselves equal 
and parallel, — — 




Let AB and CD be equal and parallel straight lines ; and let 
them be joined towards the same parts by the straight lines 
AC and BD. 

It is required to prove that AC and BD are equal and parallel. 

Join BC. 

Proof. Then because AB and CD are parallel, and BC meets 
them, 

.-. the L ABC = the alternate l DCB. 

Now in the A* ABC, DCB, 

r AB=DC, 

because J BC is common to both ; 

I and the l ABC = the L DCB ; Proved. 

.*. the triangles are equal in all respects ; 

so that AC=DB, (t) 

and the l ACB = lOBC. 
But these are alternate angles ; 

.'. AC and BD are parallel (ii) 

That is, AC and BD are both equal and parallel. 

Q.S.D. 

I. ' 
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Theorem 21 [Euclid I. 34.] 

The opposite sides and angles of a parallelogram a/re eyual to oru 
another, and each diagonal bisects the parallelogram. 




D C 

Let ABCD be a parallelogram, of which BD is a diagonal. 
It is required to prove that 

(i) AB = CD, and AD -=CB, 
(ii) the L BAD = the l DCB, 
(iii) ike L ADC = the lCBA, 
(iv) the A ABD ^ the A CDS in area. 

Proof. Because AB and DC are parallel, and BD meets them, 
. • . the L ABD = the alternate L CDB. 

Again, because AD and BC are parallel, and BD meets them, 
. •. the z. ADB = the alternate L CBD. 

Hence in the A* ABD, CDB, 

rthe L ABD = the L CDB, 
because < the l ADB = the l CBD, Proved. 

[and BD is common to both ; 

.'. the triangles are equal in all respects ; Theor, 17. 

so that AB = CD, and AD = CB; (i) 

and the Z-BAD«the Z-DCB; (ii) ' 

and the AABD = the ACDBinarea. (iv) ' 

And because the l ADB = the l CBD, Proved. 
and the z.CDB = the Z-ABD, ' 

.'• the whole L ADC = the whole l CBA (iii) 

Q.S.D. I 
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CJOROLLARY 1. If (me cmgle of a parallelogram is a right 
angley aU its angles are right angles. 
In other words : 

All the angles of a rectangle are right angles. 

For the sum of two consecutive L*=2 rt. L' ; [Theor, 14.) 
.'. , if one of these is a rt. ansle, the other must be a rt. angle. 
And the opposite angles of the par" are equal ; 
.*. all the angles are rt. angles. 

Corollary 2. AU the sides of a square a/re equal; ami ail 
its angles are right angles. 

Corollary 3. The diagonals of a parallelogram Used one 
another. 

Let the diagonals AC, BD of this par"* 
ABOD intersect at O. 

To prove AO=OC, and BO=OD. 

In the A« AOB, COD, 

rthe I. GAB = the alt. LOCO, 
because •'i the Z. AOB = vert opp. Z.COD, 
[ and AB = the opp. side CD ; 
.-. OA=OC; and OB=OD. The4}r, 17. 



EXERCISES. 

1. If the opposite aides of a quadrilateral are equal, the figure is a 
^parallelogram, 

2. If the opposite angles of a quadrilateral are equal, the figure is a 
parallelogram, 

3. If the diagonals of a quadrilateral bisect ea^h other, the figure is a 
parallelogram. 

y)(' 4. The diagonals of a rhombus bisect one another at right angles, 

5. If the diagonals of a parallelogram are equal, all its angles are 
right angles. 

6. In a parallelogram which is not rectangular the diagonals are 
onequaL 
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EXERCISES ON PARALLELS AND PARALLELOGRAMS. 
{Symmetry and Superposition.) 

1. Shew that by folding a rhombus about one of its diagonals the 
triangles on opposite sides of the crease may be made to coincide. 

That is to say, prove that a rhombus is symmetrical about either 
diagonal 

2. Prove that the diagonals of a squar<^ are axes of symmttry. Name 
two other lines about which a square is symmetrical. 

3. The diagonals of a rectangle divide the figure into two congruent 
triangles : is tne diagonal, therefore, an axis of symmetry ? About 
what two lines is a rectangle symmetrical ? 

4. Is there any axis about which an oblique parallelogram is sym* 
metrical ? Give reasons for your answer. 

5. In a quadrilateral ABCD, AB = AD and CB = CD ; but the sides 
are not all equal. Which of the diagonals (if either) is an axis o/ 
symnaetry ? 

6. Prove by the method of superposition that 

(i) Two parallelograms are identically equal if two adjacent sides of 
one are equal to two adjacent sides of the other^ ea^h to each, and ont 
angle of one equal to o^ie angle of the other. 

(ii) Two rectangles are equal if two adjacent sides of one are equal to 
two cldja^nt sides of the other, ea^h to ea^h. 

-> 7. Two quadrilaterals ABCD, EFGH have the sides AB, BC, CD, DA 
equal respectively to the sides EF, FG, GH, HE, and have also the 
angle BAD equal to the angle FEH. Shew that the figures may he 
made to coincide with one another. 



{Miscellaneous Theoretical Examples.) 

8. Any straight line drawn through the middle point of a diagonal oi 
a parallelogram and terminated by a pair of opposite sides, is bisected 
at that point. 

9. In a parallelogram the perpendiculars drawn from one pair oi 
opposite angles to the diagonal which joins the other pair are equal. 

10. If ABCD is a parallelogram, and X, Y respectively the middle 
points of the sides AD, BC ; shew that the figure AYCa is a paral- 
lelogram. 
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11. ABC and DEF &re two triangles such that AB, BC are respec- 
tively equal to and parallel to DE, EF ; shew that AC is equal and 
parallel to DF. 

12. ABCD is a quadrilateral in which AB is parallel to DC, and AD 
equal but not parallel to BC ; shew that 

(i) the Z-A + the ^C = 180*=the ^B + the LD ; 
(ii) the diagonal AC = the diagonal BD ; 

(iii) the quadrilateral is symmetrical about the straight line joining 
the middle points of AB and DC. 

]ji 13. AP, BQ are straight rods of equal length, turning at equal 
rates (both clockwise) about two fixed pivots A and B respectively. If 
the rods start parallel but pointing in opposite senses, shew that 
(i) they will always be parallel ; 

(ii) the line joining PQ will always pass through a certain fixed 
point. 



{Miscdlaneon^ Numerical and Graphical Examples.) 

14. Calculate the angles of the triangle ABC, having given . 

int. Z.A = f of ext. Z.A; 3B = 4C. 

15. A yacht sailing due East changes her course successively by 63*, 
by 78**, by 119**, and by 64°, with a view to sailing round an island. 
What further change must be made to set her once more on au Easterly 
course ? 

16. If the sum of the interior angles of a rectilineal figure is equal 
to the sum of the exterior angles, how many sides has it, and why ? 

17. Draw, using your protractor, any five-sided figure ABCDE, 
in which 

LB = \10% iLC=115% /.D = 93% ^E = 152^ 

Verify by a construction with ruler and compasses that AE is parallel 
to BC, and account theoretically for this fact. 

18. A and B are two fixed points, and two straight lines AP, BQ, 
onlimited towards P and Q, are pivoted at A and B. AP, starting from 
the direction AB, turns about A clockwise at the uniform rate of 7i* a 
second ; and BQ, starting simultaneously from the direction BA, turns 
about B counter-clockwise at the rate of 3f "^ a second. 

(i) How many seconds will elapse before AP and BQ are parallel ? 
(ii) Find graphically and by calculation the angle between AP and 
BQ twelve seconds from the start. 

(iii) At what rate does this angle decrease ? 



y 
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Theorem 22. 

If there are three or more parallel straight lineSy and thejrderc&pts 
made by them on any transversal are equal, then the corresponding 
intercepts on any other transversal are also equal. 




ER/ N \F 



Let the parallels AB, CD, EF cut off equal intercepts PQ, QR 
from the transversal PQR; and let XY, YZ be the corresponding 
intercepts cut off from any other transversal XYZ. 

It is required to prove thai XY = YZ. 

Through X and Y let XM and YN be drawn parallel to PR. 

Proof. Since CD and EF are parallel, and XZ meets them, 
.'. the L XYM = the corresponding l YZN. 

And since XM, YN are parallel, each being parallel to PR, 
.'. the L MXY = the corresponding l NYZ. 

Now the figures PM, QN are parallelograms, 

/. XM = the opp. side PQ, and YN = the opp. side QR ; 

and since by hypothesis PQ=sQR, 

.-. XM = YN. 

Then in the A* XMY, YNZ, 

f the z. XYM = the z. YZN, 
the ^ MXY = the z. NYZ, 
andXM-YN; 

.*. the triangles are identically equal ; Thecr, 17. 
.-. XY-YZ. 

Q.B.IX 
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Corollary. In a triangle ABC, if a set of lines F^, Q^, Rr, . . ., 
drawn parallel to the base, divide one side AB into equal parts, they 
also divide the other side AC into equal parts. 




The lenffths of the jarallels Pp, Qg, Rr, ..., may thus be expressed 
in terms of the base BC. 

Through p, g, and r let pi, g2, r3 be drawn par* to AB. 

Then, by Theorem 22, these par'' divide BC into /our equal parts, oi 
which Pp evidently contains one, Qq two, and Rr three, 

Jn other words, 

Pp=\ • BC ; Qg=? • BC ; Rr=x| • BC. 
Similarly if the given par*" divide AB into n equal parts, 

TOO 

P»=- • BC, Qq=- ' BC, Rr=- • BC ; and so on. 
\* Problem 7, p. 78, should now be tvorked. 



DEFINITION. 

If from the extremities of a straight line AB perpendiculars 
AX, BY are drawn to a straight line PQ of indefinite length, 
then XY is said to be the orthogonal projection of AB on Pa 
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EXERCISES ON PARALLELS AND PARALLELOGRAMS. 



1. TKt straight line drawn through the middle point of a side of a 
triangle, parallel to the hoM, bisects the remaining side. 



[This is an important particular case of 
Theorem 22. 

In the A ABC, if Z is the middle point of 
AB, and ZY is drawn par* to BC, we nave to 
prove that AY =YC. 

Draw YX par* to AB, and then prove the 
A« ZAY, X YC congruent. ] 

\^ 2. The straight line which joins the 
mic(dle points of tvoo sides of a triangle is 
parallel to the third side. 

[In the A ABC, if Z, Y are the middle 
points of AB, AC, we have to prove ZY 
pari to BC. 

Produce ZY to V, making YV equal to 
ZY, and join CV. Prove the A- AYZ, 
CYV congruent ; the rest follows at once.] 




L 
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3. The straight line which joins the middle points of two sides of a 
triangle is eqvxd to half the third side. 

A. Shew that the three straight lines which join the middle points 
of the sides of a triangle, divide it into four triangles which are tdenti- 
\^mlly equal. 

5. Any straight line draum from the vertex of a triangle to the base 
is bisected by the straight line which joins the middle points of the other 
sides of the triangle. 

6. ABCD is a parallelogram, and X, Y afe the middle points of 
the opposite sides AD, BC : shew tkat BX and DY trisect the diagonal 
AC. 



7 If the middle points of adjacent sides of any quadrikUeral are 
joined, the figure thus formed is a parallelogram. 

8. Shew that the straight lines which join the middle points of 
opposite sides of a quadrilateral, bisect one another. 
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^ 9. From two points A and B, and from O the mid-point between 
them, perpendiculars AP, BQ, OX are drawn to a straight line CD. 
If AP, BQ measure respectively 4*2 cm. and 5*8 cm., deduce the length 
of OX, and verify your result by measurement. 

Shew that OX=i(AP+BQ) or i(AP<>BQ), according as A and B 
are on the same side, or on opposite sides of CD. 

10. When three parallels cut off equal intercepts from two trans- 
versals, shew that of the three pariulel lengths between the two 
transversals the middle one is the Arithmetic Mean of the other two. 

11. 7%e parallel sidea of a trapezium are a centimetres and b cenH- 
metres in length. Prove tluit Oie line joining the middle points of the 
oblique sides is parallel to the parallel sides, andthxU its length is 
J (a + b) oefnHmis^es, 

12. OX and OY are two straight lines, and along OX five points 
I, 2, 3, 4, 5 are marked at equal distances. Through these points 
parallels are drawn in any direction to meet OY. Measure the leng^ths 
of these parallels : take their average, and compare it with the length 
of the third paralleL Prove geometrically that the 3"* parallel is the 
mean of all five. 

State the corresponding theorem for any odd number (2n+l) of 
parallels so drawn. 

13. From the angular points of a parallelogram perpendiculars 
are drawn to any straight line which is outside the parallelogram: 
shew that the sum of the perpendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 

[Draw the diagonals, and from their point of intersection suppose 
a perpendicular drawn to the given straight line.] 

14. The sum of the perpendiculars drawn from any point in the 
base of an isosceles triangle to the equal sides is equal to the perpen- 
dicular drawn from either extremity of the base to the opposite side. 

[It follows that the sum of the distances of any point in the base 
of an isosceles triax^gle from the equal sides is constant, that is, the 
same whatever point in the base is taken.] 

How would this property be modified if the given point were taken 
in the base produced ? 

15. The sum of the perpendiculars drawn from any point within 
an equilateral triangle to the three sides is equal to the perpendicular 
drawn from any one of the angular points to the opposite side, and is 
therefore constant. 

16. Equal and parallel lines have equal projections on any other 
straight line. 

H.8.O. B 
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DIAGONAL SCALES. 

Diagonal scales form an important application of Theorem 22 
We shall illustrate their construction and use by describing a 
Decimal Diagonal Scale to shew Inches, Tenths, and Hundredths. 

A straight line AB is divided (from A) into inches, and the 
points of division marked 0, 1, 2 — The primary division 
OA is subdivided into terdhs, these secondary divisions being 
numbered (from 0) l, 2, 3, ... 9. We may now read on AB 
inches and tenths of an inch. 
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In order to read hundredths, ten lines are taken at any equal 
intervals parallel to AB ; and perpendiculars are drawn through 
0,1,2,.... 

The primary (or inch) division corresponding to OA on the 
tenth parallel is now subdivided into ten equal parts; and 
diagonal lines are drawn, as in the diagram, 
joining to the ^rs^ point of subdivision on the 10"" parallel. 

„ 1 to the second „ „ „ „ , 

2 to the third „ „ „ „ ; 

and so on. 

The scale is now complete, and its use is shewn in the 
following example. 

Example. To take from the scale a length o/2'47 inches. 

(i) Place one point of the dividers at 2 in AB, and extend them till 
the other point reaches 4 in the subdivided inch OA. We have now 
2*4 inches in the dividers. 

(ii) To get the remaining 7 hundredths^ move the right-hand point 
up the perpendicular through 2 till it reaches the 7"* parallel. Then 
extend the dividers till the left point reaches the diagonal 4 also on the 
7^^ parallel. We have now 2*47 inches in the dividers. 
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REASON FOR THE ABOVE PROCESS. 

The first step needs no explanation. The reason of the 
second is found in the Corollary of Theorem 22. 

Joining the point 4 to the corresponding point s 4 
on the tenth parallel, we have a triangle 4,4,6, 
of which one side 4,4 is divided into ten equal 
parts by a set of lines parallel to the base 4,6. 

Therefore the lengths of the parallels between 
4,4, and the diagonal 4,6 are ^, ^j^y t^, ... of the 
base, which is '1 inch. 

Hence these lengths are respectively 

•01, 02, •03,...of linch. 43210 

Similarly, by means of this scale, the length of a given 
straight line may be measured to the nearest hundredth of an 
inch. 

Agam, if one inch-division on the scale is taken to represent 
10 ieet, then 2*47 inches on the scale will represent 24*7 feet. 
And if one inch-division on the scale represents 100 links, then 
2*47 inches will represent 247 links. Thus a dia^nal scale is 
of service in preparing plans of enclosures, buildmgs, or field- 
works, where it is necessary that every dimension of the actual 
object must be represented by a line of proportional length on 
the plan. 



NOTE. 

The subdivision of a diagonal scale need not be decimal. 

For instance we might construct a diagonal scale to read centimetres, 
millimetres, and quarters of a millimetre ; in which case we should take 
/bur parallels to the line AB. 

[For Exercises on Linear Measurements see the following page.] 
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EXERCISES ON LINEAR MEASUREMENTS. 

1. Draw straight lines whose lengths are 1*25 inches, 2*72 inches, 
3*08 inches. 

2. Draw a line 2*68 inches long, and measure its length in centi- 
metres and the nearest millimetre. 

3. Draw a line 5 7 cm. in length, and measure it in inches (to the 
nearest hundredth). Check your result by calculation, given that 
1 om.=0-3M7inch. 

4. Find by measurement the equivalent of 3*15 inches in centi- 
metres and millimetres. Hence calculate (correct to two decimal 
places) the value of 1 cm. in inches. 

5. Draw lines 2*9 cm. and 6*2 cm. in length, and measure them in 
inches. Use each equivalent to find the value of 1 inch in centimetres 
and millimetres, and take the average of your results. 

6. A distance of 100 miles is represented on a map by 1 inch. 
Draw lines to represent distances of 336 miles and 408 miles. 

7. If 1 inch on a map represents 1 kilometre, draw lines to represent 
850 metres, 2980 metres, and 1010 metres. 

8. A plan is drawn to the scale of 1 inch to 100 links. Measure in 
centimetres and millimetres a line representing 417 links. 

9. Find to the nearest hundredth of an inch the length of a line 
which will represent 42*500 kilometres in a map drawn to the scale of 
1 centimetre to 5 kilometres. 

10. The distance from London to Oxford (in a direct line) is 
65 miles. If this distance is represented on a map by 2*75 inches, to 
what scale is the map drawn? That is, how many miles will be 
irepresented by 1 inch? How many kilometres by 1 centimetre? 

[1 cm. =0 .3937 inch ; 1 km. = | mile, nearly,] 

11. On a map of France drawn to the scale 1 inch to 35 miles, the 
«1istance from Paris to Calais is represented by 4*2 inches. Find the 
distance accurately in milen, and approximately in kilometres, and 
express the scale in metric measure. [1 km. =| mile, nearly.] 

12. The distance from Exeter to Plymouth is 37J miles, and 
appears on a certain map to be 2^" ; and the distance from Lincoln to 
York is 88 km. , and appears on another map to be 7 cm. Compare the 
scales of these maps in miles to the inch. 

13. Draw a diagonal scale, 2 centimetres to represent 1 yard, 
■hewing yards, feet, and inches. 
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PRACTICAL GEOMETRY. 



PROBLEMS. 

The following problems are to be solved with ruler and 
compasses only. No step requires the actual measurement 
of any line or angle ; that is to say, the constructions are to be 
made without using either a graduated scale of length, or a 
protractor. 

The problems are not merely to be studied as propositions ; 
but the construction in every case is to be actually performed 
by the learner, great care being given to accuracy of drawing 

Each problem is followed by a theoretical proof; but the 
results of the work should always be verified by measurement, 
as a test of correct drawing. Accurate measurement is also 
required in applications of wie problems. 

In the diagrams of the problems lines which are inserted 
only for purposes of proof are dotted, to distinguish them 
from lines necessary to the construction. 

For practical applications of the problems the student 
should be provided with the following instruments : 

1. A flat ruler, one edge being graduated in centimetres 
and millimetres, and the other in inches and tenths. 

2. Two set squares ; one with angles of 45°, and the other 
with angles of 60" and 30\ 

3. A pair of pencil compasses. 

4. A pair of dividers, preferably with screw adjustment. 

5. A semi-circular protractor. 
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Problem 1. 
To Used a given angle. 

B 




Let BAG be the given angle to be bisected 

Construction. With centre A, and any radius, draw an 
arc of a circle cutting AB, AC at P and Q. 

With centres P and Q, and radius PQ, draw two arcs cutting 
at O. Join AO. 

Then the l BAG is bisected by AO. * ' 

Proof. Join PC, QO. 

In the A- APO, AQO, 

{AP = AQ, being radii of a circle, 
PC = QO, „ „ equal circles, 
and AO is common ; 

.•. the triangles are equal in all respects ; Theor, 7. 
so that the l PAO = the l QAO ; 
that is, the l BAG is bisected by AO. 

Note. PQ has been taken as the radius of the arcs drawn from the 
centres P and Q, and the intersection of these arcs determines the 
point O. Any radius, however, may be used instead of PQ, provided 
that it is great enough to secure the intersection of the arcs. 
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Problem 2. 
To bisect a given straight line. 



Ali^ 
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Let AB be the line to be bisected, 

Constmction. With centre A, and radius AB, draw two 
arcs, one on each side of AB. 

With centre B, and radius BA, draw two arcs, one on each 
side of AB, cutting the first arcs at P and Q. 
Join PQ, cutting AB at O. 
Then* AB is bisected at O 

Proof Join AP, AQ, BP, BQ. 

In the A* APQ, BPQ, 

(AP = BP, being radii of equal circles, 
AQ= BQ, for the same reason, 
and PQ is common ; 

.-. the 2L APQ = the l BPQ. Theor, 7. 

Again in the A" APO, BPO, 

f AP=BP, 

because -j PO is common, 

[ and the l APO = the l BPO ; 



.-. AO = OB; 

that is, AB is bisected at O. 



Thear. 4. 



Notes. (1) AB was taken as the radius of the arcs drawn from the 
centres A and B, but any radius may be used provided that it is great, 
enough to secure the intersection of the arcs which determine the pointed 
Pand Q. 

(ii) From the congruence of the A» APO, BPO it follows that the 
Z.AOP=the Z.BOP. As these are adjacent angles, it follows that PQ 
hiaecU AB oU right angles. 
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Problem 3. 



To draw a straight line perpendicular to a given straight line at 
a given point in it. 



A ?. 

Let AB be the straight line, and X the point in it at which 
a perpendicular is to be drawn. 

Construction. With centre X cut off from AB any two 
equal parts XP, XQ. 

With centres P and Q, and radius PQ, draw two arcs cutting 
atO, 

Join XO. 
Then XO is perp. to AB. 

Proof. Join OP, OQ. 

In the A' OXP, OXQ, 

{XP = XQ, by construction, 
OX is common, 
and PO = QO, being radii of equal circles ; 

.• . the z. OXP = the l OXQ. Theor. 7. 

And these being adjacent angles, each is a right angle ; 
that is, XO is perp. to AB. 

Ohs. If the point X is near one end of AB, one or other of 
the alternative constructions on the next page should be used 
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Problem 3. Second Method. 



Gonstmction. Take any point C 
outside AB. v 

With centre C, and radius CX, draw 
a circle cutting AB at D. 

Join DC, and produce it to meet 
the circumference of the circle at O. 
Join XO. 

Then XO is perp. to AB, 




X B 



Proof. Join CX. 

Because CO = CX; .-. the z. CXO = the z. COX ; 
and because CD = CX ; . •. the 2L CXD = the L CDX. 
.-. the whole l DXO = the l XOD + the l XDO 
= Jof 180" 

.". XO is perp. to AB. 



Problem 3. Third Method. 

Oonstmction. With centre X 
and any radius, draw the arc ODE, 
cutting AB at C. 

With centre C, and with the 
same radius, draw an arc, cutting 
the first arc at D. 

With centre D, and with the 
same radius, draw an arc cut- 
ting the first arc at E. 

Bisect the 2L DXE by XO. 
Then XO is perp. to AB. 

Proof Each of the ii'CXD, DXE may be proved to be 60* ; 
and the l DXO is half of the l DXE ; 
.-. thez-CXOis90". 
That is, XO is perp. to AB 
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Problem 4. 

To draw a straight line perpendicular to a given straight line 
from a given external point. 




Let X be the given external point from which a perpen- 
dicular is to be drawn to AB. 

Constraction. Take any point C on the side of AB remote 
from X. 

With centre X, and radius XC, draw an arc to cut AB at P 
and Q. 

With centres P and Q, and radius PX, draw arcs cutting at 
Y, on the side of AB opposite to X. 

Join XY cutting AB at O. 
Then XO is perp. to AB. 

Proof. Join PX, QX, PY, QY, 

In the A' PXY, QXY, 

TPX = QX, being radii of a circle, 
because -{ PY = QY, for the same reason, 
[and XY is common ; 

.• . the 2L PXY = the l QXY. Theor. 7. 

Again, in the A' PXO, QXO, 

r PX = QX, 

because | XO is common, 

land the l PXO = the l QXO ; 

.• . the z. XOP = the l XOQ. Thear. 4. 

And these being adjacent angles, each is a right angle, 
that is, XO is perp. to AB. 
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Obs, When the point X is nearly opposite one end of AB, 
one or other of the alternative constructions given below 
should be used. 



Problem 4. Second Method. 

Constmction. Take any point D in 
AB. Join DX, and bisect it at C. 

With centre C, and radius CX, draw 
a circle cutting AB at D and O. ^-=^ 

Join XO. '^ ^ 

Then XO is perp. to AB. 

For, as in Problem 3, Second Method, the l XOD is a right 
angle. 



Problem 4. Third Method. 

Oonstmction. Take any two points 
D and E in AB. 

With centre D, and radius DX, draw 
an arc of a circle, on the side of AB 
opposite to X. 

With centre E, and radius EX, draw 
another arc cutting the former at Y. 
Join XY, cutting AB at O. 
Then XO is perp. to AB. 

; (i) Prove the a' XDE, YDE equal 
in all respects by Theorem 7, 

so that the l XDE = the L YDE. 

(ii) Hence prove the A' XDO, YDO equal in all respects 
by Theorem 4, so that the adjacent l' DOX, DOY are equal. 
That is, XO is perp. to AB. 
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Problem 5. 

At a given point in a given straight line to make an angle egmU 
to a given angle, 

C, 





Wb 



Let BAG be the given angle, and FQ the given straight line ; 
and let O be the point at which an angle is to be made equal 
to the L BAG. 

Constraction. With centre A, and with any radius, draw 
an arc cutting AB and AG at D and E. 

With centre O, and with the same radius, draw an arc 
cutting FG at Q. 

With centre Q, and with radius DE, draw an arc cutting the 
former arc at P. 

Join OP. 
Then POQ is the required angle. 

Proof. Join ED, PQ. 

In the A' POQ, EAD, 

r OP = AE, being radii of equal circles, 
because \ OQ = AD, for the same reason, 
I PQ = ED, by construction ; 

/. the triangles are equal in all respects ; 

so that the l POQ = the l EAD. Theor. ?. 
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Problem 6. 

Through a given pamt to draw a straight line parallel to a given 
straight line. 

Pi- 




Let XY be the given straight line, and O the given point, 
through which a straight line is to be drawn par^ to XY. 

CoiistnictioiL In XY take any point A, and join OA. 

Using the construction of Problem 5, at the point O in 
the line AO make the lAOP equal to the Z.OAY and alternate 
to it. 

Then OP is parallel to XY. 

Proof. Because AO, meeting the straight lines OP, XY, 
makes the alternate l* POA, OAY equal ; 
/. OP is par^ to XY. 

*^* The constructions of Problems 3, 4, and 6 are not usuaUy 
followed in practical applications. Parallels and perpendiculars 
may be more quuMy drawn by the aid of set squares. {See Lessons 
IN Experimental Geometry, pp. 36, 42.) 
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Problem 7. 
To divide a given straight line mto any nwmher of equal parts. 

a 




Let AB be the given straight line, and suppose it is required 
to divide it into Jive equal parts. 

Constmction. From A draw AC, a straight line of unlimited 
length, making any angle with AB. 

From AC mark off five equal parts of any length, AP, PQ, 
QR, RS, ST. 

Join TB ; and through P, Q, R, S draw par^ to TB, meeting 
AB in p, q, r, s. 

Then since the par^ Pp, Qq, Rr, 85, TB cut off five equal parts 
from AT, they also cut off five equal parts from AB. 
{Theorem 22.) 



SECOND METHOD. 

Prom A draw AC at any angle with 
AB, and on it mark off four equal parts 
AP, PQ, QR, R8, of any length. 

From B draw BD par^ to AC, and on 
it mark off BS', S'R', R'Q', Q'P', each 
equal to the parts marked on AC. 

Join PP', QQ', RR', 88' meeting AB 
in p, Qy r, s. Then AB is divided into 
five equal parts at these points. 

[Prove by Theorems 20 and 22.] 
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EXERGISICS ON LINBS AND ANGLES. 
(Qraphical Exercisea,) 

1. Construct (with ruler and compasses only) an angle ot 60*". 
By repeated bisection divide this angle into /ottr equal parts. 

2. By means of Exercise 1, trisect a right angle ; that is, divide it 
into three eqiial parts. 

Bisect each part, and hence shew how to trisect an angle of 45°. 
[No construction is known for exactly trisecting any angle.] 

^ 3. Draw a line 6*7 cm. long, and divide it into five equal parts. 
Measure one of the parts in inches (to the nearest hundredth), and verify 
your work by calculation. [1 cm. =0*3937 inch.] 

4. From a straight line 3*72^ long, cut off OTie seventh. Measure 
the pefrt in centimetres and the nearest millimetre, and verify your 
work by oalcidation. 

6. At a point X in a straid^t line AB draw XP perpendicular to AB, 
making XP 1*8* in length. From P draw an oblique PQ, 3*0" long, 
to meet AB in Q. Measure XQ. 

{Problemg. State your construction, and give a theoretical proof,) 

6. In a straight line XY find a point which is equidistant from two 
given points A and B. 

When is this impossible T 

7. In a straight Che XY find a point which is equidistant from two 
intersecting lines AB, AC. 

When is this impossible? 

8. From a pven point P draw a straight line PQ, making with a 
giv^ straight hne AB an angle of given magnitude. 

^^ 9. From two given points P and Q on the same side of a straight 
line AB, draw two lines which meet in AB and make equal angles 
with it. 

[Construction, From P draw PH perp. to AB, and produce PH to P, 
making HP equal to PH. Join PQ cutting AB at K. Join PK. 
Pro^e that PK, QK are the required lines.] 

10. Through a given point P draw a straight line such that the 
perpendiculars drawn to it from two points A and B may be equal. 
Is this always possible ? 
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The Construction of I'riangles. 

Problem 8. 

To draw a tricmgle Imving given the lengths of the three sides. 





b- 

a ' 



Let a, 6, c be the lengths to which the sides of the required 
triangle are to be equal. 

Gonstraction. Draw any straight line BX, and cut off from 
it a part BC equal to a. 

With centre B, and radius c, draw an arc of a circle. 

With centre C, and radius 6, draw a second arc cutting the 
first at A. 

Join AB, AC. 

Then ABC is the required triangle, for by construction the 
sides BC, C/\, AB are equal to a, 6, c respectively. 

Ohs. The three data, a, 6, c may be understood in two 
ways : either as three actual lines to which the sides of the 
triangle are to be equal, or as three numbers expressing the 
lengths of those lines in terms of inches, centimetres, or some 
other linear unit. 



Notes, (i) In order that the construction may be possible it is 
necessary that any two of the given sides should be together greater 
than the third side (Theorem 11) ; for otherwise the arcs drawn from 
the centres B and C would not cut. 

(ii) The arcs which cut at A would, if continued, cut again on the 
other side of BC. Thus the construction gives two triangles on opposite 
sides of a common base. 
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ON THE CONSTRUCTION OF TRIANGLES. 

It has been seen (Page 50) that to prove two triangles 
identically equal, three parts of one must be given equal to 
the corresponding parts of the other (though any three parts 
do not necessarily serve the purpose). This amounts to saying 
that to determine the shape and size 'of a triangle we must know 
three of its parts : or, in other words, 

To construct a triangle three independent data are required. 

For example, we may construct a triangle 

(i) When trvo sides {b, c) and the included angle (A) are given. 

The method of construction in this case is obvious. 

(ii) When ttoo angles (A, B) and one side (a) are given. 

Here, since A and B are given, we at once know C ; .: ' 

forA+B + C = 180^ ' ^^ 

Hence we have only to draw the base equal 

to a, and at its ends make ancles equal to ^> ,- . 

B and C ; for we know that the remaining ^^p \ / ^ i 

angle must necessarily be equal to A. a 

(iii) If the three angles A, B, C are given (and no side), the 
problem is indeterminate, that is, the number of solutions 
is unlimited. 

For if at the ends of any base we make angles equal to 
B and C, the third angle is equal to A. 

This construction is indeterminate, because the three data 
are not indepe7ide7it, the third following necessarily from the 
other two 
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Problem 9. 



To construct a triangle- having given two sides and an angle 
opposite to one of them. 



Y^ 



A^ 



r- 
6- 



^^ 




Let b, c be the given sides and B the given angle. 

Gonstmction. Take any straight line BX, and at B make 
the L XBY equal to the given l B. 
From BY cut oflf BA equal to c. 
With centre A, and radius 6, draw an arc of a circle. 

If this arc cuts BX in two points Cj and Cg, both on the 
same side of B, both the a' ABCj, ABCg satisfy the given con- 
ditions. 

This double solution is known as the Ambiguous Case, and 
will occm- when b is less than c but greater than the perp. 
from A on BX. 



EXERCISE. 

Draw figures to illustrate the nature and number of solutions in the 
following cases : 

(i) When b is greater than c. 
(ii) When b is equal to c. 

(iii) When b is equal to the perpendicular from A on BX. 
(tv) When b is less than this perpendicular. 
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Problem 10. 

To ccnstrud a right^ngled triangle having given the hypotenuse 
and one side. 




Let AB be the hypotenuse and P the given side. 

Construction. Bisect AB at O; and with centre O, and 
radius OA, draw a semicircle. 

With centre A, and radius P, draw an arc to cut the semi- 
circle at C. 

Join AC, BC. 
Then ABC is the required triangle. 



Prool Join OC. 

Because OA = OC; 
.-. the Z- OCA = the l OAC. 

And because OB = OC ; 
.-. theiLOCB = the Z.OBC. 

/. the whole l ACB = the l OAC + the l OBC 

= A of 180'* Thear. 16, 

-90\ 
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ON THE CONSTRUCJTION OF TRIANGLES. 

/ {OraphiccU Exercises.) 

\J 1. Draw a triangle whose sides are 7*5 cm., 6*2 cm., and 5*3 cm. 

Draw ana measure the perpendiculars dropped on these sides from 
the opposite vertices. 

[N.B. The perpendicul^, if correctly drawn, will meet at a point, 
as will be seen later. See page 207.] 

2. Draw a triangle ABC, having given a=3-00", 6=2-5(r, c=2-75". 
Bisect the angle A by a line which meets the base at X. Measure 

BX and XC (to the nearest hundredth of an inch) ;. and hence calculate 

BX 

the valae of ^^ to two places of decimals. Compare your result with 

the value of -^. 



3. Two sides of a triangular field are 315 yards and 260 yards, and 
the included angle is known to be 39**. Draw a plan (1 inch to 
100 yards) and find by measurement the length of the remaining side of 
the field.' 



V. 



H^; 



4. ABC is a triangular plot of ground, of which the base BC la 
'5 metres, and the angles at B and C are 47'' and 68"* respectively. Draw 
a plan (scale 1 cm. to 10 metres). Write down without measurement 
the size of the angle A ; and by measuriug the plan, obtain the approxi- 
mate lengths of the other sides of the field ; also the perpendicular 
drawn from A to BC. 



I / 5. A yacht on leaving harbour steers N.E. sailing 9 knots an hour. 

^ After 20 minutes she goes about, steering N.W. for 35 minutes and 
making the same average speed as before. How far is she now from 
the harbour, and what course (approximately) must she set for the 
run home? Obtain your results from a chart of the whole course, 
scale 2 cm. to 1 knot. 

, /• 6. Draw a right-angled triangle, given that the hypotenuse 
^c = 10'6 cm. and one sid e a = 5« om. Measure the third side 6; and 
find the value of sle^ - a\ Compare the two results. 

^ 7. .Construct a triangle, having given the following parts : B = 34**, 
6 = 5*6 cm., c = 8'5 cm. Shew that there are two solutions. Measure 
the two values of a, and also of C, and shew that the latter are 
supplementary. 

8. In a triangle ABC, the angle A = 50*, and 6 = 6*5 cm. Illustrate 
by figures the cases which arise in constructing the triangle, wheo 
(i) a = 7 cm. (ii) a=6 cm, (iii) a = 5 cm. (iv) o = 4cm. 
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. ^. Two straight roads, which cross at right ancles at A, are carried 
^^ver a straight canal by bridges at B and C. The distance between the 
bridges is 461 yards, and the distance from the crossing^A to the bridge 
B is^l yards. Draw a plan, and by measurement of it ascertain the 
distance from A to C. 

^ProbiUvM, State your construction^ and give a theoretical proof.) 

10. Draw an isosceles triangle on a base of 4 cm., and having an 
altitude of 6 '2 cm. Prove the two sides equal, and measure them to 
the nearest millimetre. 



CK^. 



Draw an isosceles triangle having its vertical angle equal to a 
^ven angle, and the perpendicular from the vertex on the base equal to 
a given straight line. 

Hence draw an equilateral triangle in which the perpendicular from 
one vertex on the opposite side is 6 cm. Measure the length of a side 
to the nearest millimetre. 

v 12. Construct a triangle ABC in which the perpendicular from A on 
BC is 5*0 cm., and the sides AB, AC are 5*8 cm. and 9*0 cm. respectively. 
Measure BC. 

13. Construct a triangle ABC having the angles at B and C equal 
to two given angles L and M, and the perpendicular from A on BC 
equal to a given line P. 

u/l4. Construct a triangle ABC (without protractor) having given two 
angles B and C and the side b. 

uXl5. On a given base construct an isosceles triangle having its 
vertical angle equal to a given angle L. 

[y 16. Construct a right-angled triangle, having given the length of the 
hypotenuse c, and the sum of the remaining sides a and b. 

If c=5-3 cm., and a + 6=7'3 cm., find a and b graphically; and 
calculate the value of \/a^+P. 



^ 17. Construct a triangle having given the perimeter and the angles 
"at the base. For example, a + 6 + c = 12 cm. , B = 70°, C = 80^ 



^ 



Construct a triangle ABC from the following data : *'-> \ 



a=6-5cm., 6-|-c=10cro., and B = 60'. C<.' , ,o. 

Measure the lengths of b and c. , / ' 

19. Constract a triangle ABC from the following data : > 

a=7 cm., c-6=lcm., and B=55*. \/' } 

Measure the lengths of b and c. 
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, THE CONSTRUCTION OF Q0ADRILATERAL8. 

It has been shewn that the shape and size of a triangle are 
completely determined when the lengths of its three sides are 

fiven. A quadrilateral, however, is not completely determined 
y the lengths of its four sides. From what follows it will 
appear that five independent data are required to construct a 
quadrilateral 



Problem 11. 

To construct a quadrilateral, given the lengths of the four sides^ 
and one a/ngle. 




B X 



Let a, b, c, d be the given lengths of the sides, and A the 
angle between the sides equal to a and d. 

Construction. Take any straight line AX, and cut oft' from 
it AB equal to a. 

Make the l BAY equal to the lA. 
From AY cut off AD equal to d. 
With centre D, and radius c, draw an arc of a circle. 
With centre B and radius 6, draw another arc to cut the 
former at C. 

Join DC, BC. 

Then ABCD is the required quadrilateral ; for by construction 
the sides are equal to a, 5, c, d, and the l DAB is equal to the 
given angle. 
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Problem 12. 

To construct a parallelogram having given two adjacent sides and 
ihe included angle. 






Let P and Q be the two given sides, and A the given angle. 

Construction 1. (IFith ruler and compasses.) Take a line 
AB equal to P ; and at A make the L BAD equal to the L A, and 
make AD equal to Q. 

With centre D, and radius P, draw an arc of a circle. 

With centre B, and radius Q, draw another arc to cut the 
former at C. 

Then ABCD is the required par". 

Proof. Join DB. 

In the A" DCB, BAD, 

[ DC=BA, 

because^ CB=:AD, 

[ and DB is common ; 
.-. thez-CDB = thez.ABD; Theor. 7. 

and these are alternate angles, 
.-. DC is par^ to AB. 
Also DC = AB ; 
.% DA and BC are also equal and parallel. Theor. 20. 
.-. ABCD is a par™. 

Construction 2. (With set squares.) Draw AB and AD as 
before ; then with set squares through D draw DC par* to AB, 
and through B draw BC par* to AD. 

By construction, ABCD is a par*" having the required parts. 
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Problem 13. 
To construct a square on a given side. 




Let AB be the given side. 

Gonstrnction 1. (JFith ruler and compasses.) At A draw AX 
pert), to AB, and cut oflf from it AD equal to AB. 

With B and D as centres, and with radius AB, draw two arcs 
cutting at C. 

Join BC, DC. 
Then ABCD is the required square. 

Proof. As in Problem 12, ABCD may be shewn to be a par". 
And since the Z.BAD is a right angle, the figure is a rectangle. 
Also, by construction all its sides are equal. 
.*. ABCD is a square. 



Gonstraction 2. (With set squares.) At A draw AX perp. to 
AB, and cut off from it AD equal to AB. 

Through D draw DC par^ to AB, and through B draw BC 
par^ to AD meeting DC in C. 

Then, by construction, ABCD is a rectangle. [Def. 3, page 56.] 

Also it has the two adjacent sides AB, AD equal. 
/. it is a square. 
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EXERCISES. 

On thk Construction of Quadrilaterals. 

'^' 1. Draw a rhombos each of whocie sides is equal to a given straight 
line PQ, which is also to be one diagonal of the figure. 

Ascertain (without measurement) the number of degrees in each 
angle, giving a reason for your answer. 

2.^ Draw a square on a side of 2*5 inches. Prove theoretically that 
tts diagonals are equal ; and by measuring the diaffonals to the nearest 
hundr^th of an inch test the correctness of your orawing. 

3. Construct a square on a diagonal of 3*0", and measure the lengths 
of each side. Obtain the average of your results. 

4. Draw a parallelogram ABCD, having given that one side 
AB = 5'5 cm., and the diagonals AC, BD are 8 cm. , and 6 cm. respectively. 
Measure AD. 

5. The diagonals of a certain quadrilateral are equal, (eacli 6*0 cm.), 
and they bisect one another at an angle of 60**. Shew tbat five inde- 
pendent data are here given. 

Construct the quadrilateral. Name its species ; and give a formal 
proof of your answer. Measure the perimeter. If the angle between 
the diagonals were increased to 90**, by how much per cent, would the 
perimeter be increased ? 

' 6. In a quadrilateral ABCD, 

AB=6*6 cm., BC=2-5 cm., CD=40 cm., and DA=3-3 cm. 
Shew that the shape of the quadrilateral is not settled by these data. 

Draw the quadrilateral when (i) A =30' (ii) A = 60'*. Why does the 
construction fail when A= 100" ? 

Determine graphically the least value of A for which the con- 
struction fails. 

7. Shew how to construct a quadrilateral, having given the lengths 
of the four sides and of one diagonal. What conditions must hold 
among the data in order that the problem may be possible ? 

Illustrate your method by constructing a quadrilateral ABCD, when 

(i) AB=3-0", BC = 1•7^ CD=2-6'', DA=2-8^, and the diagonal 
BD = 2*6". Measure AC. 

(ii) AB=3-6 cm., BC = 7-7 cm., CD=6-8 cm., DA=51 cm., and the 
diagonal AC:=S'5 cm. Measure the angles at B and D. 
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LOCI. 



Definition. The locus of a point|is the path traced out 
by i1|when it moves in accordance with some given law. I 



Example 1. Suppose the point P to move so 
that its distance from a fixed point O is confltant 
(say 1 centimetre). 

Then the locus of P is evidently the circum- 
ference of a circle whose centre is O and radius 
I cm. 




jle 2. Suppose the point P 
moves at a constant distance (say 1 cm.) 
from a fixed straight line AB. 

Then the locus of P is one or other of 
two straight lines parallel to AB, on 
either side, and at a distance of 1 cm. 
from it. 



Thus the locus of a point, moving imder some given con- 
dition, consists of the line or lines to which the point is 
thereby restricted ; provided that the condition is satisfied by 
every point on such line or lines, and by no other. 

When we find a series of points which satisfy the given 
law, and through which therefore the moving point must pass, 
we are said to plot the locus of the point. 



LOGI. 



9) 



Problem 14. 

To find the locus of a point P which moves so that its distances 
from two fixed points A aiid B are always equal to one another. 




Here the point P moves through all positions in which PA = PB ; 
.'. one position of the moving point is at O the middle point 
of AB. 
Suppose P to be any other position of the moving point; 
that is, let PA=PB. 

Join OP. 

Then in the A' POA, POB, 

r PO is common, 
because] OA = OB, 

land PA = PB, by hypothesis ; 

. • , the iL POA = the l POB. Theor. 7. 

Hence PO is perpendicular to AB. 

That is, ewry point P which is equidistant from A and B lies on 
the straight line bisecting AB at right angles. 

Likewise it may be proved that every point on the perpen- 
dicular through O is equidistant from A and B. 

This line is therefore the required locus. 
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Problem 15. 

To find the locus of a point P which moves so that its perpenr 
diadar distances from two given straight lines AB, CD are equal to 
one another. 




Let P be any point such that the perp. PM = the perp. PN. 

Join P to O, the intersection of AB, CD. 

Then in the a' PMO, PNO, 

j-the L* PMO, PNO are right angleSy 
because i the hypotenuse OP is common, 
I and one side PM = one side PN ; 

.'. the triangles are equal in all respects ; Theor. 18. 
so that the l POM = the l PON. 

Hence, if P lies within the l BOD, it must be on the bisector 
of that angle ; 

and, if P is within the ^AOD, it must be on the bisector of 
that angle. 

It follows that the required locus is the pair of lines which Used 
the angles between AB <md CD. 



UML 
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INTERSECTION OF LOCI. 



The method of Loci may be used to find the position of a 
point which is subject to two conditions. For corresponding 
to each condition there will be a locus on which the required 
point must lie. Hence all points which are common to these 
two loci, that is, all the points ol intersection of the loci, will 
satisfy both the given conditions. 



Example 1. To find a poiiU equidistant from thru given points 
A, B, C, which a/re not in the same straight line. 

(i) The locus of points equidistant from 
A and B is the straight line PQ, which 
bisects AB at right angles. 

(ii) Similarly, the locus of points equi- 
distant from B and C is the straight line 
RS which bisects BO at right angles. 

Hence the point common to PQ and RS 
must satisfy lx)th conditions : that is to 
say, X the point of intersection of PQ and > 
RS will be equidistant from A, B, and C. 





Example 2. To construct a triangle, having given the base, the 
altitude, and the length of the median which bisects the base. 

Let AB be the given base, and P and 
Q the lengths of the altitude and median 



ben the triangle is known if its vertex 
is known. 

(i) Draw a straight line CD parallel to 
AB, and at a distance from it equal to P : 
then the required vertex must lie on CD. 

(ii) Again, from O the middle point of 
AB as centre, with radius equal to Q, 
describe a circle : 

then the required vertex must lie on this circle. 

Hence any points which are common to CD and the circle, satisfy 
both the given conditions : that is to say, if CD intersect the circle in 
E, F, each of the points of intersection might be the vertex of the 
required triangle. This supposes the length of the median Q to be 
greater than the altitude. 

It may happen that the data of the problem are so related to one 
another that the resulting loci do not intersect. In this case the 
problem is impossible. 



P- 
Q- 
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Obs. In examples on the Intersection of Loci the student 
should make a point of investigating the relations which must 
exist among the data, in order wiat the problem may be 
possible ; and he must observe that if under certain relations 
tvx) solutions are possible, and under other relations no solu- 
tion exists, there will always be some intermediate relation 
under which the two solutions combine in a single solution. 



EXAMPLES ON LOCI. 

L Find the locus of a point which moves so that its distance 
" (measured radially) from the circumference of a given circle is constant. 

, 2. A point P moves along a straight line RQ ; find the position in 
which it is equidistant from two given points A and B. 

\- 3. A and B are two fixed points within a circle : find points on the 
circumference equidistant from A and B. How many such points are 
there ? 

( 4. A point P moves along a straight line RQ ; find the position in 
which it is equidistant from two given straight lines AB and UD. 

5. A and B are two fixed points 6 cm. apart. Find by the method 
of loci two points which are 4 cm. distant from A, and 5 cm. from B. 

6/Q. AB and CD are two given straight lines. Find points 3 cm. 
distant from AB, and 4 cm. from CD. How many solutions are there ? 

^ ^* 7. A straight rod of given length slides between two straight 
rulers placed at right angles to one another. 

Plot the locus of its middle point ; and shew that this locus is the 
fourth part of the circumference of a circle. [See Problem 10.] 

V 8. On a given base as hypotenuse right-angled triangles are described. 
Find^the locus of their vertices. 

\y'9. A is a fixed point, and the point X moves on a fixed straight 
line BC. 

Plot the locus of P, the middle point of AX ; and prove the locus to 
be a straight line parallel to BC. 

yfO. A is a fixed point, and the point X moves on the circumference 
^m a given circle. 

Plot the locus of P, the middle point of AX ; and prove that thia 
locus is a circle. [See Ex. 3, p. 64.] 



X. 
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11. AB is a given straight line, and AX is the perpendicular drawn 
from A to any straight line passing through B. If Ba revolve about B, 
find the locus of the middle point of AX. 



tX^^ 



^ Two straight lines OX, OY cut at right angles, and from P, a 

^point within the angle XOY, perpendiculars PM, PN are drawn to 
OX, OY respectively. Plot the locus of P when 

(i) PM + PN is constant ( =6 cm., say) ; 
(ii) PM - PN is constant (=3 cm., say). 
And in each case give a theoretical proof of the result you arrive at 
experimentally . 

13. Two straight lines OX, OY intersect at right angles at O ; and 
feom a movable point P perpendiculars PM, PN are drawn to OX, OY. 

Plot (without proof) the locus of P, when 
(i) PM=2PN; 
(ii) PM=3PN. 

14. Find a point which is at a given distance from a given point, 
and is equidistant from two given parallel straight lines. 

When does this problem admit of two solutions, when of one only, 
and when is it impossible ? 

15. S is a fixed point 2 inches distant from a given straight 
line MX. Find two points which are 2} inches distant from S, and 
also 22 inches distant from MX. 

16. Find a series of points equidistant from a given point S and a 
given straight line MX. Draw a curve freehand passing through all 
the points so found. 

17. On a given base construct a triangle of given altitude, having 
its vertex on a given straight line. 

18. Find a point equidistant from the three sides of a triangle. 

19. Two straight lines OX, OY cut at right angles ; and Q and R 
are points in OX and OY respectively. Plot the locus of the middle 
point of QR, when 

(i) 0Q + OR = constant, 
(ii) OQ- OR = constant. 

20. 8 and 8' are two fixed points. Find a series of points P such 
that 

(i) 8P+8'P=constant (say 3*5 inches), 
(ii) 8P-8'P=constant (say 1-5 inch). . 

In each case draw a curve freehand passing through all the points 
Bo found. 



Q 
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ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIANGLE. 




L The perpendiculars dravm to the Mes of a triangle from theit 
middle points are amcurrent. 

Let ABC be a A, and X, Y, Z the middle 
points of its sides. 

From Z and Y draw perps. to AB, AC, 
meeting at O. Join OX. 

It is required to prove tha/t OX is perp. 
to BC. 

Join OA, OB, OC. 

Proof. Because YO bisects AC at right andes, 

.'. it is the locus of points equidistant from A and C ; 
.-. OA = OC. 

Again, because ZO bisects AB at right angles, 

.'. it is the locus of points equidistant from A and B ; 
.-. OA=OB. 

Hence OB = OC. 
.'. O is on the locus of points equidistant from B and C : 
that is, OX is perp. to BC. 

Hence the perpendiculars from the mid-points of the sides meet at O, 

Q.E.D. 




II. The bisectors of the angles of a ti-iangle are c&iici'rrtnt. 

Let ABC be a A. Bisect the ^'ABC, A 

BCA by straight lines which meet at O. p 

Join AO. ^ 

It is required to prove that AO bisects the 
Z-BAC. 

From O draw OP, OQ, OR perp. to the 
sides of the A. B 

Proof. Because BO bisects the L ABC, 

.". it is the locus of points equidistant from BA and BC ; 

.-. OP=OR. 

Similarly CO is the locus of points equidistant from BC and CA ; 

.-, op=oa 

Hence OR = 00. 
.'. O is on the locus of points equidistant from AB and AC ; 
that is, OA i:» the bisector of the L BAC. 

Hence the bisectors of the angles meet at O. Q.E.D. 



THE CONCURRENCE OF UNES IN A TRIANGLE. 
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m. The medians of a triangle are concurrent. 

Let ABC be a A. 
"^ '*t BY and CZ be two of its medians, and let 
them intersect at O. 

Join AO, 
and produce it to meet BC in X. 
It is required to shew that AX is the remaining 
median of the ^, 

Through C draw CK parallel to BY ; 

produce AX to meet CK at K. 

Join BK. 

Proof. In the A AKC, 

because Y is the middle point of AC, and YO is parallel to CK, 

.-. O is the middle point of AK. T'feeor. 22. 

Again in the A ABK, 

since Z and O are the middle points of AB, AK, 

.'. ZO is parallel to BK, 

that is, OC is parallel to BK. 

.-. the figure BKCO is a par™. 

But the diagonals of a par'" bisect one another ; 

.'. A is the middle point of BC. 

That is, AX is a median of the A. 

Hence the three medians meet at the point O. Q.E.D. 

Definition. The point of intersection of the medians is called the 
centrold of the triangle. 



CoBOLLABT. The three medians of a triangle cut one another at a 
point of trisection, the greater segment in each being towards the angular 
voint. 

For in the above figure it has been proved that 

AO = OK, 

• also that OX is half of OK ; 

.-. OX is half of OA : 

that is, OX is one third of AX. 

Similarly OY is one third of BY, 

and OZ is one third of CZ. q.e.d. 

By means of this Corollary it may be shewn that in any triangle 
the shorter median bisects the greater side. 

Note. It will be proved hereafter that the perpendiculars drawn 
from the vertices of a triangle to the opposite sides are concurrent, 

U.8.O. Q 
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MISCELLANEOUS PROBLEMS. 

{A theoretical proof ia to he given in each case. ) 

/ 1. A is a given point, and BC a given straight line. From A draw 
a straight line to make with BC an angle equal to a given angle X. 
How many such lines can be drawn ? 

^' 2. Draw the bisector of an angle AOB, without using the vertex O 
in your construction. 

v-A 3^ P is a given point within the angle AOB. Draw through P a 
straight line terminated by OA and OB, and bisected at P. 

4. OA, OB, OC are three strais^t lines meeting at O. Draw a 
Iransversal terminated by OA and OC, and bisected by OB. 

yy ' 5. Through a given point A draw a straight line so that the part 
intercepted between two given parallels may ^ of given length. 

When does this problem admit of two solutions? When of only one ? 
And when is it impossible ? 

6. In a triancle ABC inscribe a rhombus having one of its angles 
coinciding with tne angle A. 

\ 7. Use the properties of an equilateral triangle to trisect a given 
straight line. 



{Constrv/ttiom. of Triangles,) 

8. Construct a triangle, having given 

y(i) The middle points of the three sides. 

y(ii) The lengths of two sides and of the median which bisects the 
w/ third side. J 

y (iii) The lengths of one side and the medians which bisect the other 
two sides. / 

(iv) The lengths *oi the three medians. 



AREAS. 
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PART n. 

ON AREAS. 



Definitions. 



1. The altitnde (or height) of a parallelogram with refer- 
ence to a given side as base, is the perpendicular distance 
between the base and the opposite side. 

2. The altitnde (or height) of a triangle with reference to 
a given side as base, is the perpendicular distance of the 
opposite vertexJrom the base. 

Note. It is clear that parailelograms or triangles which are between 
the same parallels have the same altiiude. 

For let AP and DQ be the alti- 
tudes of the A'ABC, DEF, which 
are between the same parallels BF, 
GH. 

Then the fig. APQD is evidently 
a rectangle ; 

.-. AP=DQ. 

3. The area of a figure is the amount of surface contained 
within its bounding lines. 



4. A square inch is the area of a 
square drawn on a side one inch in 
length. 





5. Similarly a sanare centimetre is the area of 
a square drawn on a side one centimetre in length. 



Sq. 
cm. 



The terms square yard, square foot, square metre are to be nnderstood 
in the same sense. 

6. Thus the miit of area is the area of a square on a side 
of unit length. 
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GflOMSTTRT. 



Theorem 23. 

Area of a rectangle. If the rvwrnber of waits m the length of a 
rectangle is multiplied hy the number of units in Us breadth, the 
'product gives the number of square units in the area. 






A B ^ 

Let ABCD represent a rectangle whose length AS is 5 feet, 
and whose breadth AD is 4 feet. 

Divide AB into 5 equal parts, and BC into 4 equal parts, and 
through the points of division of each line draw parallels to 
the other. 

The rectangle ABCD is now divided into compartments, 
each of which represents one square foot. 

Now there are 4 rows, each containing 5 squares, 
.•. the rectangle contains 5x4 square feet. 

Similarly, if the length = a linear units, and the breadth = b 
linear units 

the rectangle contains ab units of area. 

And if each side of a square = a linear units, 
the square contains aP units of area. 

These statements may be thus abridged : 

the area of a rectangle = length x breadth (i), 

the area of a square = (side)^ (ii). 

QE.D, 

Corollaries, (i) Rectangles which have equal lengths and 
equal breadths have equal areas. 

(ii) Rectangles which have equal areas and equal lengths have 
also equal breadths. 
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NOTATION. 

The rectangle ABCD is said to be contained by AB, AD ; for 
these adjacent sides fix its size and shape. 

A rectangle whose adjacent sides are AB, AD is denoted by 
red. AB, AD, or simply AB x AD. 

A square drawn on the side AB is denoted by sq. on AB, or AB^. 



BXEBdSBS. 
{On Tables of Length and Area,) 
^ Draw a figure to shew why 

(i) 1 sq. yard =3" sq. feet, 
(ii) 1 sq. foot = 12^ sq. inches, 
(iii) 1 sq. cm. = 10^ sq. mm. 

2L Draw a figure to shew that the square on a straight line is four 
times the square on half the line. 

3. Use squared paper to shew that the square on r'=:10^ times the 
square on O'l". 

4. If 1^ represents 5 miles, what does an area of 6 square inches 
represent ? 



EXTENSION OF THEOREM 23. 

The proof of Theorem 23 here given supposes that the length aild 
breadth of the giveu rectangle are expressed by whole numbers ; out the 
formula holds good when the length and breadth are fractional. 

This may be illustrated thus : 

Suppose the length and breadth are 3 '2 cm. and 2 '4 cm.; we shall 
shew that the area is (3*2 x 2 '4) sq. cm. 

For length = 3 "2 cm. = 32 mm. 

breadth =2 '4 cm. =24 mm. 

32 x24 
/. area =(32x24) sq. mm. = .^ sq. cm. 

=(3*2x2*4) sq. em. 
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EXERCISES. 

{On the Area of a BectangU.) 

Draw on squared paper the rectangles of which the length (a) and 
breadth (6) are given l>elow. Calculate the areas, and verify by the 
actual counting of squares. 

I. a=2r,b=ar, 2. a=l-5^6=4''. 
3. a=0-8*, 6=3-6''. 4. a =25^ 6=1-4". 
5. a=2'2r,b=l'5\ 6. o= 1-6", 6=21". 

Calculate the areas of the rectangles in which 

7. o=18 metres, 6=11 metres. 8. a=7 ft., 6=72 in. 

9. o = 2 '5 km. ,6=4 metres. 10. a = J mile, 6 = 1 inch. 

II. The area of a rectangle is 30 sq. cm., and its length is 6 cm. 
Find the breadth. Draw the rectangle on squared paper ; and verify 
your work by counting the squares. 

12. Find the length of a rectangle whose area is 3*9 sq. in., and 
breadth 1 '5". Draw the rectangle on squared paper ; and verify your 
work by counting the squares. 

y 13. (i) When you treble the length of a rectangle without altering 
Mt« breadth, how many times do you multiply the area ? 

(ii) When you treble both length and breadth, how many times do 
you multiply the area ? 

Qraw a figure to illustrate your answers ; and state a general rule. 

\..X^14. In a plan of a rectangular garden the length and breadth 
are 3*6'' and 2*5'', one inch standing for 10 yards. Find the area of the 
garden. 

If the area is increased by 300 sq. yds., the breadth remaining the 
same, what will the new length be ? An^ how many inches will repre- 
sent it on your plan ? 

15. Find the area of a rectangular enclosure of which a plan 
(scale 1 cm. to 20 metres) measures 6*5 cm. by 4*5 cm. 

16. The area ot a rectangle is 1440 sq. yds. If in a plan the sides 
of the rectangle are 3 '2 cm. and 4*5 cm., on what scale is the plan 
drawn? 

17. The area of a rectangular field is 52000 sq. ft. On a plan of 
this, drawn to the scale of 1" to 100 ft., the length is 3-26''. What ia 
the breadth ? 



EXERCISBS ON RECTANGLES. 
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Calculate the areas of the enclosures of which plans are given below. 
n the angles are right angles, and the dimensions are marked in feet. 



18. A 



5 
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Calculate the areas represented by th^haded parts of the following 
plans. The dimensions are marked in^et. 



20. 




21. 
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Width of shaded border 
uniform 7\ ft. 
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Width of shaded border 
uniform 4 ft. 
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Theorem 24. [Euclid I. 35.] 

Parallelograms on the same base and between the same paralleh 
are equal in area. 




Let the par"" ABCD, EBCF be od the same base BC, and 
between the same par'* BC, AF. 

It is required to prove that 

the par^ ABCD = the jpar^ EBCF in area. 

Proof. In the A- FDC, EAB, 

(DC = the opp. side AB ; Theor. 21. 

the ext. L FDC = the int. opp. l EAB ; Theor. 14. 
the int. z.DFC = the ext. Z-AEB; 

.-. the A FDC = the A EAB. Theor, 17. 

Now, if from the whole fig. ABCF the A FDC is taken, the 
remainder is the par"" ABCD. ^^ 

And if from the whole fig. ABCF the -J EAB is taken, the 
remainder is the par"" EBCF. 

.'. these remainders are equal; 

that is, the par" ABCD = the par™ EBCF. Q.E.D. 



exercise. 

In the above diagram the sides AD, EF overlap. Draw diagrams in 
v^hich (i) these sides do not overlap ; (ii) the ends E and D coincide. 

Go throuffh the proof with these diagrams, and ascertain if it appliei 
to them without change. . 
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AREAS. 105 



The Area of a Parallelogbam. 

Let ABCD be a parallelogram, 
and ABEF the rectangle on the 
same base AB and of the same 
altitude BE. Then by Theorem 24, 

area of fOflT ABCD = area of rect. ABEF 
= ABxBE 
^basexaitUvde. 

Corollary. Since the area of a parallelogram depends 
only on its base and altitude, it follows that 

Parallelograms on equal hoses and of equal altitudes are equal 
m area. 



EXERCISES. 

{Nufnerical and Oraphical,) 

L^^. Find the area of parallelograms in which 

(i) the base =5 '5 cm., and the height =4 cm. 
(u) the base =2-4*, and the height = 1 -5". 

-^^2. Draw a parallelogram ABCD having given AB=2J'', AD = 1**, 
and the Z. A=65 . Draw and measure the perpendicular from D on AB, 
and hence calculate the approximate area. Why approximate ? 

Again calculate the area from the length of AD and the perpendicular 
on it from B. Obtain the average of the two results. 

3. Two adjacent sides of a parallelogram are 30 metres and 25 metres, 
and the included angle is 50". Draw a plan, 1 cm. representing 
5 metres ; and by measuring each altitude, make two independent 
calculations of the area. Give the average result. 

4. The area of a parallelogram ABCD is 4*2 sq. in., and the base 
AB is 2'8''. Find the height. If AD = 2", draw the parallelogram. 

5. Each side of a rhombus is 2^, and its area is 3*86 sq. in. Calculate 
an altitude. Hence draw the rhombus, and measure one of its acute 
ingles. 
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Theorem 25. 

The Area of a Triangle. The area of a triangle is half the area 
of the rectangle on the same base and having the same altitude. 





Fig. I. 



Fig:. 2. 



Let ABC be a triangle, and BDEC a rectangle on the same 
base BC and with the same altitude AF. 

It is required to prove that the A ABC is half the rectangle BDEC. 

Proof. Since AF is perp. to BC, each of the figures DF, EF 
is a rectangle. 

Because the diagonal AB bisects the rectangle DF, 
.'. the aABF is half the rectangle DF. 

Similarly, the A AFC is half the rectangle FE. 

.'. adding these results in Fig. 1, and taking the difference in 
Fig. 2, 

the A ABC is half the rectangle BDEC. 

Q.E.D. 



Corollary. A triangle is half any parallelogram on the same 
base and between the same parallels. 

For the A ABC is half the rect. BCED. 

And the rect. BCED =any par™ BCHG 
on the same base and between the same 
par^ 



the A ABC is half the par'"' BCHG. 



3 HP A E 
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THE AREA OF A TRIANGLE. 

If BC and AF respectively contain a units and p unita of 
length, the rectangle BDEC contains ap units of area. 
.*. the area of the A ABC = ^ap units of area. 
This result may be stated thus : 

Area of a Triangle = ^ . base x altitude. 



EXERCISES ON THE AREA OF A TRIANGLE. 

/ 
/ {Numerical and Cfraphical.) 

1. Calculate the areas of the triangles in which 

(i) the base =24 ft., the height = 15 ft. » 

(ii) the base = 4 '8^, the height = 3 '5". 

y (iii) the base =160 metres, the height =125 metres. 

•^ 2. Draw triangles from the following data. In each case draw and 
measure the altitude with reference to a given side as base : hence cal- 
culate the approximate area. 

(i) a=8'4cm., 6 = 6*8 cm., c = 4'0cm. 
(ii) 6=5-0 cm., c=6-8 cm., A=66'. 
(iii) a=6-5cm., B=62*', C=76". 

y/d. ABC is a triangle right-angled at C ; shew that its area = i BC x CA. 
"^ Given a =6 cm., 6=5 cm., calculate the area. 

Draw the triangle and measure the hypotenuse c ; draw and measure 
the perpendicular from C on the hypotenuse ; hence calculate the 
approximate area. 

Note the error in your approximate result, and express it as a per- 
centage of the true value. 

4. Repeat the whole process of the last question for a right-angled 
triangle ABC, in which a=2'Sf and 6=4*5"; C being the right angle 
as before. 

5. In a triangle, given 

(i) Area =80 sq. in., base=l ft. 8 in.; calculate the altitude, 
(ii) Area = 10*4 sq. cm., altitude =1 '6 cm.; calculate the base. 

6. Construct a triangle ABC, having given a=3*0", 6=2*8*, c=2*6*. 
Draw and measure the perpendicular from A on BC ; hence calculate 
the approximate area. 
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GEOMETRY. 

Theorem 26. [Euclid I. 37.] 




Triangles on the same base and between the same paraUeh 
(hence, oj the sam^ altitude) are equal in 
area. 

Let the a" ABC, GBC be on the 
same base BC and between the same 
par^ BC, AG. 

It is required to prove thai 
the AfiiBC^the aQBC in area. 

Proof. If BCED is the rectangle on the base BC, and 
between the same parallels as the given triangles, 

the A ABC is half the rect BCED ; Theor. 25 
also the a GBC is half the rect. BCED ; 

. • . the A ABC = the A GBC. Q.E.D. 

Similarly, triangles on equal bases and of equal altitudes are 
equal in area. 




Theorem 27. [Euclid I. 39.] 

If two triangles are equal in area, and stand on the same base 
and on the sam^ side of it, they are between the same parallels. 

Let the a" ABC, GBC, standing on 
the same base BC, be equal in area; 
and let AF and GH'be their altitudes. 

// is required to prove that AG and 
BC are par^. B F (T H 

Proof. The a ABC is half the rectangle contained by BC 
and AF; 

and the A GBC is half the rectangle contained by BC 
and GH ; 

.-. the rect. BC, AF = the rect. BC, GH ; 

.-. AF = GH. Thear. 23, Car. 2. 

Also AF and GH are par^ ; 
hence AG and FH, that is BC, are par^. Q.E.D. 
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EXERCISES ON THE AREA OF A TRIANGLE. 

{Theoretical.) 

L 1. ABC is a triangle and XY is drawn parallel to the base BC, 
catting the other sides at X and Y. Join BY and CX ; and shew that 

(i) the AXBC = the A YBC ; 
(ii) the ABXY = the ACXY; 
(ui) the AABY=the AACX. 
If BY and CX cut at K, shew that 

(iv) the ABKX=the A CKY. 

^y^2. Shew that a median of a triangle divides it into two parts of 
equal area. 

How would you divide a triangle into three equal parts by straight 
lines drawn from its vertex ? 

^^3. Prove that a parallelogram is divided by its diagonals into four 
triangles of equal area. 

4. ABC is a triangle whose base BC is bisected at X. If Y is any 
point in the median Aa, shew that 

the A ABY = the A ACY in area. 



tror 



5. ABCD is a parallelogram, and BP, DQ are the perpendiculars 
'rom B and D on the diagonal AC. 

Shew that BP=Da 
Hence if X is any point in AC, or AC produced, 
/ prove (i) the A ADX =the A ABX ; 

(ii) the ACDX=the ACBX. 



->■ 



y 6. Prove by means of Theorems 26 and 27 that the straight lint 
joining the middle points of two sides of a triangle is parallel to the third 
side. 

Yl. The straight line which joins the middle points of the oblique 
^ides of a trapezium is parallel to each of the parallel sides. 

^ 8. ABCD is a parallelogram, and X, Y are the middle points of the 
sides AD, BC ; if 2 is any point in XY, or XY produced, she^v that the 
triangle AZB is one quarter of the parallelogram ABCD. 

^ 9. If ABCD is a parallelogram, and X, Y any points in DC and AD 
respectively : shew that the triangles AXB, BYC are equal in area. 

^-\ 10. ABCD is a parallelogram, and P is any point within it ; shew 
that the sum of the triangles PAB, PCD is equal to half the parallelo- 
gram. 
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EXERCISES ON THE AREA OF A TRIANGLE. 

{Numericai and OraphiccU.) 

^1. The sides of a triangular field are 370 yds., 200 yds., and 190 
yds. Draw a plan (scale I'' to 100 yards). Draw and measure an 
altitude ; hence calculate the approximate area of the field in square 
yards. 

2. Two sides of a triangular enclosure are 124 metres and 144 
metres respectively, and the included angle is observed to be 45". 
Draw a plan (scale 1 cm. to 20 metres). Make any necessary measure- 
ment, and calculate the approximate area. , 

3. In a triangle ABC, given that the area =6*6 sq. cm., and the base 
BC=5*5 cm., find the altitude. Hence determine the locus of the 
vertex A. 

If in addition to the above data, BA=2'6 cm., construct the tri- 
angle ; and measure CA. 

4. In a triangle ABC, given orea=3'06 sq. in., and o=3'0*. Find 
the altitude, and the locus of A. Given 0=68**, construct the triangle ; 
and measure b. 

5. ABC is a triangle in which BC, BA have constant lengths 6 cm. 
and 5 cm. If BC is fixed, and BA revolves about B, trace the changes 
in the area of the triangle as the angle B increases from 0** to 180*. 

Answer this question by drawing a series of triangles, increasing 
B by increments of 30**. Find the area in each case and tabulate the 
results. 

{TheoreHcal.) 

6. If two trisingles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sides supple- 
mentary,' shew that the triangles are equal in area. Can such triangles 
ever be iderUicaUy equal ? 

7. Shew how to draw on the base of a given triangle an isosceles 
triangle of equal area. 

8. If the middle points of the sides of a quadrilateral are joined in 
order, prove that the parallelogram so formed [see Ex. 7, p. 64], is half 
the quadrilateral. 

^ \ 9. ABC is a triangle, and R, Q the middle points of the sides 
AB, AC ; shew that if BQ and CR intersect in X, the triangle BXC 
is equal to the quadrilateral AQXR. 

10. Two triangles of equal area stand on the same base but on 
-opposite sides of it : shew that the straight line joining their vertices 
is oisected by the base, or by the base produced. 



THB AREA OF A TRIAM6LE. 



Ill 



[Th« method given below may be omitted from a first coarse, la 
any case it must be postponed till Theorem 29 has been read.] 

Tho Area of a Triangle. Given the three sides of a triangle, 
to calculate the area. 

ExABfPLE. Find tht arta of a triangle whose aides metiaure 21 m., 
17 m., and 10 m. 

Let ABC represent the given 
triangle. 

Draw AD perp. to BC, and 
denote AD by p. 

We shall first find the length 
of BD. 

Let BD=a; metres; then DC 
=21 -a; metres. 

From the right-angled A ADB, ° 
we have by Theorem 29 

AD«=AB»-BDa=10»-a:3. 

And from the right-angled A ADC, 

AD«=AC«-DC«=17«-(21-x)»; 

.-. 10»-aj3=17«-(21-x)a 
or 100-a:a=289-441-f-42!i:-a:«; 

whence a; =6. 

Again, AD«=AB»-BD»; 

or p»=W-6«=64; 

.-. p=S, 

Now Area of triangle = i . base x altitude 

= (J X 21 X 8) sq. m. =84 sq. m. 




EXERCISES. 

Find by the above method the area of the triangles, whose sides 
are as follows : 

1. 20 ft., 13 ft., 11 ft. 2. 15 yds., 14 yds., 13 yds. 

3. 21 m., 20 m., 13 m. 4. 30 cm., 25 cm., 11 cm. 

6. 37 ft., 30 ft., 13 ft. 6. 51 ra., 37 m., 20 m. 

7. If the given sides are a, h and c units in length, prove 

(1) ^=— 2a— ; M y'=^°-|— 2^— I ' 

(iii) A= jV(a-f-6-f-c)(-a-f6-fc)(a-6-fc)(a-f6-c). 
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OEOIIETRT. 



the area of quadrhaterai^. 

Theorem 28. 

To find the area of (i) a kapezium, 

(ii) any guadrilakraL 

(i) Let ABCD be a trapezium, having 
the sides AB, CD parallel. Join BD, 
and from C and D draw perpendiculars 
CF, DE to AB. 

Let the parallel sides AB, CD measure 
a and h units of length, and let the a^ 
height CF contain h units. 

Then the area of ABCD = aABD + aDBC 

= |ab.de+|dc.cf 




'\ah+\l 



■.^{a + h). 



F 8 



That is, 

the area of a trapezium^-x height x {the sum of the parallel sides). 



(ii) Let ABCD be any quadrilateral. 
Draw a diagonal AC; and from B 
and D draw perpendiculars BX, DY to 
AC. These perpendiculars are called 




If AC contains d units of length, and 
BX, DY p and q units respectively, 

the area of the quad^ ABCD = aABC + aADC 

= iAC.BX + iAC.DY 
1 



That is to say. 



the area of a quadrUaierai = ^ diagonal x (sum of offsets^ 



EXERCISES ON QUADRILATERALS. 



113 



EXERCISES. 

{Numericai and OraphiocU, ) 

^ 1. Find the area of the trapezium in which the two parallel sides 
are 4*7" and S'S*, and the height IS". 
« 

2. In a quadrilateral ABCD, the diagonal AC =17 feet; and the 
offisets from it to B and D are 11 feet and 9 feet. Find the area. 

3. In a plan ABCD of a quadrilateral enclosure, the diagonal AC 
measures 8*2 cm., and the ofisets from it to B and D are 3*4 cm. and 
2*6 cm. respectively. If 1 cm. in the plan represents 5 metres, find 
the area of the enclosure. 

^ 4. Draw a quadrilateral ABCD from the ad- 
joining rough plan, the dimensions being given in 
inches. 

Draw and measure the offsets to A and C from 
the diagonal BD ; and hence calculate the area of 
the quadrilateral. 



-■ 5. Draw a quadrilateral ABCD from the 
details given in the adjoining plan. The 
dimensions are to be in centimetres. 

Make any necessary measurements of your 
figure, and calculate its area. 



6. Draw a trapezium ABCD from the following data : AB and CD 
are the parallel sides. AB = 4"; AD = BC=2"; the Z-A=the Z-B=60°. 
Make any necessary measurements, and calculate the area. 

--^7. Draw a trapezium ABCD in which AB and CD are the parallel 
aides; and AB=9 cm., CD = 3 cm., and AD = BC=5 cm. 
Make any necessary measurement, and calculate the area. 

8. From the formula a/rm of qiuid^=i diag. x {sum of offsets) shew 
that, if the diagonals are at right angles^ 

area=i {product of diagonals). 

9. Given the lengths of the diagonals of a quadrilateral, and the 
angle between them, prove that the area is the same wherever the> 
intersect. 
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GEOMETRY. 



THE AREA OF ANY RECTILINEAL FIGURE. 

1"* Method. A rectilineal figure 
maybe divided into triangles whose 
areas can be separately calculated 
from suitable measurements. The 
sum of these areas will be the area 
of the given figure. 




jle. The measurements re- 
quired to find the area of the figure 
ABODE are AC, AD, and the ofiisets BX, 
DY, EZ. 

2°* Method. The area of a rectilineal figure is also found 
by taking a base-line (AD in the diagram below) and offsets 
from it. These divide the figure into right-angled triangles 
and right-angled trapeziums, whose areas may be found after 
measuring the offsets and the various sections of the base-line. 

Example. Find the area of the enclosure ABODE F from the plan 
and measurements tabulated below. . 



VC=12 
YB=20 



Yards. 
AD =66 
AV=50 
AZ=40 
AY = 18 
AX = 10 



ZE = 18 
XF = 16 



The measurements are made from 
A alone the base line to the points 
from which the offsets spring. 



n.^^ 


N 


y 12 
/ z 

/ 20 


15 J- 


N. X 


^r 



Here AAXF=i.AXxXF 

AAYB=i.AYxYB 

ADZE = i.DZxZE 

ADVC=J.DVxVC 
trap"»XFEZ=i.XZx(XF + ZE)=ix30x33= 496 
trap»YBCV=i.YVx(YB + VC)=ix32x32= 512 

.*. , by addition, the fig. ABCDEF = 1442 sq. yds. 



A 

Sq. yds. Sq. yd*. 

= ix 10x16= 75 

=ix 18x20= 180 

= 4x16x18= 144 

=4x 6x12= 36 



EXSRGISBS ON RIECTILINBAL FIGURES 
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EXERCISES. 

1. Calculate the areas of the figures (i) and (ii) from the plans and 
dimensions (in cms.) giv^ below. 



(i) 




AC=6cm., AD=5cnL 

Lengths of offsets figured 
in diagram. 




AB=BD = DA=6cm. 

EY=CZ=lcm. 

DX=5-2cm. 



2. Draw fall size the figures whose plans and dimensions are given 
below ; and calculate the area in each case. 



(i) 




The fig. is equilateral : 
each side to be 2^". 




AX = ir» XY=2r, ' ^ 

YB=ir. 



B /- (, 



3. Find the area of the figure ABODE F from the following measure- 
ments and draw a plan in which 1 cm. represents 20 metres. 









The Flan. 




Metrks. 




C \^-. 


SOtoD 


toC 
180 
150 






.40toE 


120 


50toB 


/tc V'n^'^ 


eotoF 


60 








From A 




xi/ ^^ 
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EXERCISES ON QUADRILATERALS. 



1. ABCD is a rectangle, and PQRS the figure formed by joining in 
order the middle points of the sides. 

Prove (i) that PQRS is a rhombus ; 

(ii) that the area of PQRS is half that of ABCD. 

Hence shew that tht area of a rhombus is half the prodtuU of iU 
dicLgoncUs. 

Is this true of any quadrilateral whose diagonals cut at right angles? 
Illustrate your answer by a diagram. 

I / 2. Prove that a parallelogram is bisected by any straight line which 
passes through the middle point of one of its diagonals. 

Hence shew how a parallelogram ABCD may be bisected by a 
straight line drawn 

(i) through a given point P ; 
(ii) perpendicular to the side AB ; 
(iii) parallel to a given line QR. 

^ 3. In the trapezium ABCD, AB is parallel to DC ; and X is the 
middje point of dC. Through X draw PQ parallel to AD to meet AB 
and DC produced at P and Q. Then prove 

(i) trapezium ABCD=par°> APQD. 
(ii) trapezium ABCD = twice the AAXD. 



{GraphicoU. ) 

4. The diagonals of a quadrilateral ABCD cut at right angles, and 
measure 3*0" and 2*2* respectively. Find the area. 

Shew by a figure that the area is the same wherever the diagonals 
cut, so long as they are at right angles. 

5. In the parallelogram ABCD, AB = 8*0 cm., AD =3*2 cm., and the 
perpendicular distance between AB and DC = 3*0 cm. Draw the par- 
allelogram. Calculate the distance between AD and BC ; and check 
your result by measurement. 

6 One side of a parallelogram is 2*5'', and its diagonals are 3*4' 
and 2*4". Construct the parallelogram ; and, after making any neces- 
sary measurement, calculate the area. 

7. ABCD is a parallelogram on a fixed base AB and of constant 
area. Find the locus of the intersection of its diagonals. 
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EXPERIMENTAL EXERCISES. 
EXERCISES LEADING TO THEOREM 29. 



In the adjoining diagram, ABC is a triangle 
right-angled at ; and squares are drawn on the 
three sides. Let us compare the area of the square 
on the hypotenuse AB with the sum of the squares 
on the sides AC, CB which contain the right angle. 



1. Draw the above diagram* making AC =3 cm., and BC=4 cnu; 




C 



Then the area of the square on AC = 
and the square on BC = 



:3», or 9sq. cm."^ 



=4*, or 16 sq. cm. 

.'. the sum of the squares on AC, B0= 25 sq. cm. 

Now measure AB ; hence calculate the area of the square on AB, and 
compare the result with the sum already obtained. 

2. Repeat the process of the last exercise, making AC =1*0^, and 
BC=2-4''. 

3. If a=15, 6=8, c=17, shew arithmetically that c^=a:^+b^. 

Now draw on squared paper a triangle ABC, whose sides a, 6, and e 
are 15, 8, and 17 units of length ; and measure the angle ACB. 



4. Take any triangle ABC, right- 
angled at C ; and draw squares on AC, 
Cb, and on the hypotenuse AB. 

Through the mid-point of the square 
on CB (i.e. the intersection of the dia- 
gonals) draw lines parallel and perpen- 
dicular to the hypotenuse, thus dividing 
the square into four congruerU quadri- 
laterals. These, together with the square 
on AC, will be found exactly to fit into 
the square on AB, in the way indicated 
by corresponding numbers. 



These experiments point to the conclusion that : 
In any right-angled triangle the square on the hypotenuse is equal 
to the sum of the squares on the other two sides, 
A formal proof of this theorem is given on the next page. 



A 


K !■—- ^ 


5 




C 


1 / 



GEOMETRY. 



Theorem 29. [Euclid I. 47.] 

\^ An a right-angled triangle the square described on the hypotenuse 
yis^^l to the sum of the squares described on the other two sides. 




D i- E 



Let ABC be a right-angled A, having the angle ACB a rt. iL, 

It is required to prove that the square on the hypotenuse AB = the 
sum of the squares on AC, OB. 

On AB describe the sq. ADEB ; and on AC, CB describe the 
fiqq. ACGF, CBKH. 

Through C draw CL par* to AD or BE. 
Join CD, FB. 

Proof. Because each of the l* ACB, ACQ is a rt. Z-, 
.'. BC and CG are in the same st. line. 

Now the rt. l BAD = the rt. l FAC ; 

add to each the l CAB : 

then the whole l CAD = the whole l FAB. 

Then in the A* CAD, FAB, 

c CA = F^ 

because-^ AD = AB, 

land the included l CAD = the included L FAB ; 

.• . the A CAD = the A FAB. Theor, i 
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Now the rect AL is double of the ACAD, being on the 
same base AD, and between the same par^ AD, CL 

And the sq. QA is double of the A FAB, being on the same 
base FA, and between the same par^ FA, QB. 
.*. the rect. AL=the sq. QA. 

Similarly by joining CE, AK, it can be shewn that 
the rect. BL=the sq. HB. 
.-. the whole sq. AE = the sum of the sqq. QA, HB : 

that is, the square on the hypotenuse AB = the sum of the 
squares on the two sides AC, CB. 

Q.E.IX 



Obs, This is known as the Theorem of Pythagoras. The 
result established may be stated as follows : 
AB2=iBC2 + CA2. 

That is, if a and b denote the lengths of the sides containing 
the right angle ; and if c denotes the hypotenuse, 
c2 = a2 + ^,2. 

Hence a^-^c^-l^; and U^^(^-a\ 



Note 1. The following important results should be noticed. 
If CL and AB intersect in O, it has been shewn in the course of the 
proof that 

the sq. GA = the rect. AL ; 

that is, AC = the rect. contained by AB, AG (i) 

Also the sq. HB = the rect. BL; 

that is, BC'=the rect. contained by BA, BO (ii) 

Note 2. It can be proved by superposition that squares standing on 
tquai sides are equal in area. 
Hence we conclude, conversely, 
If two sqtuires are equal in area they stand on equal sides. 
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GEOMETRY. 



EXPERIMENTAL PROOFS OF PYTHAGORAS*S THEOREM. 



I. Here ABC is the given 
rt. -angled A ; and ABED is 
the square on the hypotenuse 
AB. 

By drawing lines par^ to the 
sides BC, CA, it is easily seen 
that the sq. BD is divided 
into 4 rt. -angled A», each 
identically equal to ABC, to- 
gether with a central square. 

Hen,ce 
sq. on hypotenuse c=4rt. Z-* A* 
+ the central square 
=4.ia6 + (a-6)« 



=T--i 


i '^v 


t ^^^ 


^ • i ^^^ ^ 


^-! ^^ 


r^ ., a ^V^E 


/ ! ^'9 i ^ / 


t 1 It 


J ' ' jI- 


A -1 1- A 




t ^ 2-2" 


a/ b * M . / 


^Sz-u -« LI 


rvu 1 T 


^ ^=S^ H 


^^^ 2 


::-£ 


2 ±a ^ 



II. Here ABC is the given 
rt.-anffled A, and the fies. 
CF, HK are the sqq. on CB, 
CA placed side by side. 

FE is made equal to DH 
or CA ; and the two sqq. 
CF, HK are cut along the 
lines BE, ED. 

Then it will be found that 
the A DHE may be placed 
so as to fill up the space ACB ; 
and the A BFE may be made 
to fill the space AKD. 

Hence the two sqq. CF, 
HK may be fitted together 
so as to form the single fig. 
ABED, which will be found 
to be a perfect square, namely 
the square on the hypotenuse 
AB. 
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EXERCISES. 

{Numerical and Cfraphical,) 

Draw a triangle ABC, right-angled at C, having given : 
(i)a=:3cm., 6=4 cm. ; 
(ii) a=2*5 cm., 6=6*0 cm. ; 
(iii) a=l-9r, 6=3-6''. 

In each case calculate the length of the hypotenuse c, and verify 
year result by measurement. 



^2. Draw a triangle ABC, right-angled at C having given : 
(i) c=Z'r, a=3-0"; [See Problem 10] 
(ii) c=6*3 cm., 6=4*5 cm. 
In each case calculate the remaining side, and verify your result by 
measurement. 

[The fottowing examples are to he solved by calculation; hut in each 
ease a plan should he dravm on some suitable scale, and the calculated 
rmdt verified by measurement,) 

3. A ladder whose foot is 9 feet from the front of a house reaches 
to a window-sill 40 feet above the ground. What is the length of the 
ladder ? 

yj/i' A ship sails 33 miles due South, and then 56 miles due West 
^ow far is it then from its starting point ? 

\/5. Two ships are observed from a signal station to bear respectively 
N.E. 6*0 km. distant, and N.W. 1*1 km. distant. How far are they 
apart? 

1/6. A ladder 65 feet long reaches to a point in the face of a house 
63 feet above the ground. How far is the foot from the house ? 

K/^. B is due East of A, but at an unknown distance. C is due South 
of B, and distant 55 metres. AC is known to be 73 metres. Find AB. 

VyS. A man travels 27 miles due South ; then 24 miles due West ; 
finally 20 miles due North. How far is he from his starting point ? 

^9. From A go West 25 metres, then North 60 metres, then East 
80 metres, finally South 12 metres. How far are you then from A ? 

^^lO. A ladder 50 feet long is placed so as to reach a window 48 feet 
high ; and on turning the ladder over to the other side of the street, it 
reaches a point 14 feet high. Find the breadth of the street. 
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GEOMETRY. 

Theorem 30. [Euclid I. 48.] 



If the square described on one side of a 
mm of the squares described on the other two 
contained^ by these two sides is a right angle. 



is equal to the 
^, then the angU 





Let ABC be a triangle in which 

the sq. on AB = the sum of the sqq. on BC, CA. 

It is required to prove that ACB is a right angle. 

Make EF equal to BC. 
Draw FD perp' to EF, and make FD equal to CA. 
Join ED. 

Proo£ Because EF= BC, 

.*. the sq. on EF = the sq. on BC. 
And because FD = CA, 
.'. the sq. on FD = the sq. on CA. 
Hence the sum of the sqq. on EF, FD = the sum of the sqq. 
on BC, CA. 

But since EFD is a rt. ^, 

.*. the sum of the sqq. on EF, FD = the sq. on DE : Theor, 29. 

And, by hypothesis, the sqq. on BC, CA = the sq. on AB. 

.*. the sq. on DE = the sq. on AB. 

.-. DE = AB. 

Then in the A* ACB, DFE, 

r AC = DF, 
because -j CB = FE, 
land AB = DE; 

.-. the L ACB = the l DFE. Theor, 7 

But, by construction, DFE is a right angle ; 
.'. the L ACB is a right angle. 

Q.X.D. 
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EXERCISES ON THEOREMS 29, 30. 

{TJieoretieal.) 

1. Shew that the square on the diagonal of a given square is double 
of the given square. 

/ c/ 2. In the AABC, AD is drawn perpendicular to the base BC. If 
the side c is greater than b, 
/ shew that c« - 6»= BD* - DC". 

J 3. If from any point O within a triangle ABC, perpendiculars OX, 
OY, OZ are drawn to BC, CA, AB respectively : shew that 
AZ«+ BX2+CY«=AY«+CX«+ BZ«. 

v^ 4. ABC is a triangle right-angled at A ; and the sides AB, AC are^ 

intersected by a straight line PQ, and BQ, PC are joined. Prove that 

BQ«+PC«=BC«+PQ2. 

^5. In a risht-angled triangle four times the sum of the squares on 
the medians drawn from the acute angles is equal to five times the 
square on the hypotenuse. 

Describe a square equal to the sum of two given squares. 

7. Describe a square equal tjp the difference between two given 
' squaires. 

8. Divide a straight line into two parts so that the square on one 
may be twice the square on the other. 

^y^. Divide a straight line into two parts such that the sum of their 
Bquares shall be equal to a given square. 

{Numerical and Ghwphical.) 

vx 10. Determine which of the following triangles are right-angled : 
(i)a=14cm., 6=48 cm., c= 50 cm.; 
(ii)a=40cm., 6=10 cm., c= 41cm.; 
(iii) a=20 cm., 6=99 cm., c=101 cm. 

1. ABC is an isosceles triangle right-angled at C; deduce from 
leorem 29 that 

AB2=2AC2. 

Illustrate this result graphically by drawing both diagonals of the 
square on AB, and one diagonal of the square on AC. 

If AC=BC=2'', find AB to the nearest hundredth of an inch, and 
verify your calculation by actual construction and measurement. 






^« 



12. Draw a square on a diagonal of 6 cm. Calculate, and also 
measure, the length of a side. Find the area. 



"^A 



GEOMETRY. 



Problem 16. 



To draw squares whose areas sliall he respectively tivke, Aree-imes^ 
fov,r4imes^ ..., that of a given square. 

Hence find graphically approximate values ofsf2, n/3, s/J, n/5, ..., 



Take OX, OY at right angles 
to one another, and from them 
mark off OA, OP, each one 
unit of length. Join PA. 




B C 



O A 

Then PA2 = OP2 + OA2-l + l = 2. 
.-. PA = n/2. 
From OX mark off OB equal to PA, and join PB ; 
then PB2=: 0P2 + 0B'^= 1 + 2 = 3. 

.-. PB = n/3. 

From OX mark off 00 equal to PB, and join PC ; 
then PC2 = OP2 + OC2 = 1 + 3 = 4. 
.-. PC = n/4. 

The lengths of PA, PB, PC may now be found hy measwremeni; 
and by continuing the process we may find \/5, n/6, n/7, .... 



exercises on theorems 29, 30 (Continued). 

13. Prove the following formula : 

DiagoncU of square = side x \f2. 

Hence find to the nearest centimetre the diagonal of a square on a 
side of 50 metres. 

Draw a plan (scale 1 cm. to 10 metres) and obtain the result as 
nearly as you can by measurement. 

14. ABC is an equilateral triangle of which each side = 2m units, 
and the perpendicular from any vertex to the opposite side=2>. 

Prove that p=m\f3. 
Test this result graphically, when each side =8 cm. 
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15. If in a triangle a^m^-v^j 6 = 2mn, e^nj^+v?\ prove algebraie- 
aUy that c«=a«+ 62. 

Henoe by giving various numerical values to m and n, find sets of 
numbers representmg tfae^sides of 'right-angled triangles. 

16. In a triangle ABC, AD is drawn perpendicular to BC. Let p 
denote the length of AD. 

(i) If a=25 cm., p=12 cm., BD = 9 cm.; find h and c. 
(u) If 6=41", c=6(r, BD=30"; find jo and a. 
And prove that ijW^'¥'J^'j^^a, 

17. In the triangle ABC, AD is drawn perpendicular to BC 
Prove that 

c»-BDa=62-CD«. 

If a=51 cm., 6=20 cm., c=37 cm.; find BD. 

Thence find p^ the length of AD, and the area of the triangle ABC. 

18. Find by the method of the last example the areas of the triangles 
whose sides are as follows : 

(i) 0=17", 6=10*, c=9". (u) a=25ft., 6=17 ft., c=12ft. 

(ill) a=41cm., 6=28 cm., e=15cm. (iv) a=40yd., 6=37 yd., c=13ydc 



19. A straight rod PQ slides between two straight rulers OX, OY 
placed at right angles to one another. In one position of the rod 
OP=5*6cm., and OQ=3'3cm. If in another position OP=4*0 em., 
find OQ graphically; and test the accuracy of your drawing by 
calculation. 

20. ABC is a triangle right-angled at C, and p is the length of the 
perpendicular from C on AB. By expressing the area of the triangle in 
two ways, shew that 

pcs^ab. 

Hence deduce Z5 = -g + rr 
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PROBLEMS ON AREAS. 



Problem 17. 

To describe a parallelogram equal to a given triangle^ and having 
line of Us angles equal to a given angle. 




Let ABC be the given triangle, and D the given angle. 

It is required to describe a pamUdogram equal to ABC, and 
having one of its angles equal to D. 

Construction. Bisect BC at E. 

At E in CE, make the lOEP equal to D ; 

through A draw AFG par^ to BC ; 

and through C draw CG par^ to EF. 

Then FECG is the required par™. 

Proof. Join AE. 

Now the A' ABE, AEC are on equal bases BE, EC, and of 
the same altitude ; 

. •. the A ABE = the A AEC. 

. •. the A ABC is double of the A AEC. 

But FECG is a par™ by construction -, 
and it is double of the A AEC, 
being on the same base EC, and between the same par^ EG 
and AG. 

.-. the par" FECG = the A ABC ; 
and one of its angles, namely CEF, = the given l D. 
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EXERCISES. 
{(jfraphiccU,) 

1. Draw a square on a side of 5 cm., and make a parallelogram of 
equal area on the same base, and having an angle of 45**. 

Find (i) by calculation, (ii) by measurement the length of an oblique 
side of the parallelogram. 

2. Draw any parallelogram ABCD in which AB=24" and AD=2*'; 
and on the base AB draw a rhombus of equal area. 



Definition. In a parallelogram 
ABCD, if through any point K in the 
diagonal AC parallels EF, HG are drawn 
to the sides, then the figures EH, GF 
are called parallelograms abont AC, and 
the figures EG, HF are said to be their 
complements. 



3. In the diagram of the preceding d^nition shew by Theorem 21 thaJt 
the complements EG, H F are equal in area. 

Hence, given a parallelogram EG, and ar straight line H K, deduce a 
construction for drawing on H K as one side a parallelogram equal and 
equiangular to the parallelogram EG. 

4. Construct a rectangle equal in area to a given rectangle CDEF, 
and having one side equal to a given line AB. 

If AB = 6 cm., CD = 8 cm., CF=3 cm., find by measurement the 
remaining side of the constructed rectangle. 




5. Given a parallelogram ABCD, in which AB = 2*4'', AD = 1-8", and 
t\ie LA=55°. Construct an equiangular parallelogram of equal area, 
the greater side measuring 2*7". Measure the shorter side. 

Repeat the process giving to A any other value ; and compare your 
results. What conclusion do you draw ? 

v/ 6. Draw a rectangle on a side of 5 cm. equal in area to an 
equilateral triangle on a side of 6 cm. > 

Measure the remaining side of the rectangle, and calculate ita 
approximate area. 
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Problem 18. 
To draw a triangle equal in area to a given qmdrUateraiL 




Let ABCD be the given quadrilateral. 

It is required to describe a triangle equal to ABCD in area. 

Oonstmction. Join DB. 

Through C draw CX par^ to DB, meeting AB produced in X. 
Join DX. 
Then DAX is the required triangle.- 

Proof. Now the a" XDB, CDB are on the same base DB and 
between the same par^ DB, CX ; 

.•. the A XDB = the A CDB in area. ' 

To each of these equals add the A ADB ; 

then the A DAX = the fig. ABCD. " 

I 

Corollary. In the same way it is always possible to draw 
a rectilineal figure equal to a given rectilineal figure, and 
having fewer sides by one than the given figure; and thus 
step by step, any . rectilineal figure may be reduced to a 
triangle of equal area. 

For example, in the adjoining dia- 
gram the five-sided fig. EDCBA is equal 
in area to the four-sided fig. EDXA. 

The fig. EDXA may now be reduced 
to an equal A DXY= 
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Problem 19. 



To draw a paraMelogram equal in area to a given rectilineal 
figure^ and having an angle equal to a given angle. 




Let ABCD be the giyen rectil. fig., and E the given angle. 

// is required to draw a par^ equal to ABCD and having an 
angle equal to E. 

Gonstrnction. Join DB. 

Through C draw CF par^ to DB, and meeting AB produced 
inF. 

Join DF. 
Then the A DAF = the fig. ABCD. Frob, 18. 

Draw the par™ AGHK equal to the aADF, and having the 
L KAG equal to the L E. Frob. 17. 

Then the par- KG = the AADF 

= the fig. ABCD; 
and it has the L KAG equal to the l E. 

NoTK. If the given rectilineal figure has more than four sides, it 
must first be redu^» step by step, until it is replaced by an equivalent 
triangle. 



H.S.O. 
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EXERCISES. 
{Reduction of a Rectilineal Figure to cm equivcdent Triang^,) 

1. Draw a quadrilateral ABCD from the following data : 
AB=BC=6-6 cm. ; CD = DA=4-5 cm. ; the Z.A=75'. 

Reduce the quadrilateral to a triangle of equal area. Measure the 
base and altitude of the triangle ; and hence calculate the approximate 
area of the given figure. 

^' 2. Draw a quadrilateral ABCD having given : 
AB=2-8", BC=3-2", CD=3-3", DA=3r, and the diagonal BD= 3^. 
Construct an equivalent triangle ; and hence find the approximate 
area of the quadrilateral. 

3. On a base AB, 4 cm. in length, describe an equilateral pentagon 
{h sides), having each of the angles at A and B 108°. 

Reduce the figure to a triangle of equal area ; and by measuring its 
base and altitude, calculate the approximate area of the pentagon. 

/ 4. A quadrilateral field ABCD has the following measurements : 
\y^ AB=450 metres, BC=380 m., CD=330m., AD=390m., 

and the diagonal AC =660 m. 

Draw a plan (scale 1 cm. to 50 metres). Reduce your plan to an 
equivalent triangle, and measure its base and altitude. Hence estimate 
the area of the &ld. 



{Prob^emg. State your construction, and give a theoretical proof,) 

5. Reduce a triangle ABC to a triangle of equal area having its 
base BD of given length. (D lies in BC, or BC produced.) 

6. Construct a triangle equal in area to a given triangle, and 
having a given altitude. 

7. ABC is a given triangle, and X a given point. Draw a triangle 
equal in area to ABC, having its vertex at X, and its base in the same 
straight line as BC. 

8. Construct a triangle equal in area to the quadrilateral ABCD, 
having its vertex at a given point X in DC, and its base in the same 
straight line as AB. 

9. Shew how a triangle may be divided into n equal parts by straight 
lines drawn through one of its angular points. 
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10. Biaeet a triangle by a s^raigJU line drawn through a given point 
in one of its sides, 

[Let ABC be the given A, and P the ^ 

given point in the side AB. ^ 

Bisect AB at Z ; and join CZ, CP. 3< 

Through Z draw ZQ parallel to CP. 
Join PQ. 
Then PQ biBecta the A.] 



11. Trisect a tricmgU by straight lines draum from a given point in 
one of its sides, 

[Let ABC be the given A, and X the 
given point in the side dC. 

Trisect BC at the points P, Q. Prob, 7. 

Join AX, and through P and Q draw PH and 
QK paraUel to AX. 

Join XH, XK. 

These straight lines trisect the A ; as may 
be shewn by joining AP, AQ.] 

12. Cut off from a given triangle a fourth, fifth, sixth, or any part 
required by a straight line drawn from a given point in one of its sides. 

13. Bisect a quadrilateral hy a straight line draum through an angular 
point. 

[Keduce the Quadrilateral to a triangle of equal area, and join the 
vertex to the middle point of the base.] 

14. Cut off from a given quadrilateral a third, a fourth, a fifth, or 
any part required, by a straight line drawn through a given angular 
point. 
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6B0METRY. 



AXES OF REFERENCE. COORDINATES. 



EXERCISES FOR SQUARED PAPER. 

K we take two fixed straight lines XOX', YOY' cutting one 
another at right angles at O, the position of any point P with 
reference to these lines is known when we know its distances 
trom each of them. Such lines are called axes of reference, 
XOX' being known as the axis of jr, and YOY' as the axis of y. 
Their point of intersection O is called the origin. 



X 



^-^: 



s 



The lines XOX', YOY' are usu^ly drawn horizontally and 
vertically. 

In practice the distances of P from the axes are estimated 
thus : 

From P, PM is drawn perpendicular to X'X ; and OM and 
PM are measured. 

OM is called the abscissa of the point P, and is denoted by z. 

PM „ ordinate „ „ „ y. 

The abscissa and ordinate taken together are called the 
coordinates of the point P, and are denoted by (2^ y). 

We may thus find the position of a point if its coordinates 
are known. 

Example. Plot the point toho^ coordinates are (5, 4). 
Along OX m * 



[ mark off OM, 5 units in length, 
rp. to OX, making MP 4 units in 
Then P is the point whose coordinates are (5, 4). 



At M draw MP perp. to OX, making MP 4 units in length. 
'"• the * ' '* " ' 



The axes of reference divide the plane into four regions XOY, 
YOX', X'OY', Y'OX, known respectively as the firsts second, 
third, and fourth quadrants. 



AXSS. COORDINATES. 
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It is clear that in each quadrant there is a point whose 
distances from the axes are equal to those of P in the above 
diagram, namely, 5 units and 4 units. 

The coordinates of these points are distinguished by the use 
of the positive and negative signs, according to the following 
system : 

Abscissas measured along the ^-axis to the right of the 
origin are positive, those measured to the left of the origin are 
negative. Ordinates which lie above the ir-axis (that is, in the 
first and second quadrants) are positive ; those which lie 
below the x-asis (that is, in the third and fourth quadrants) 
are negative 

Thus the coordinates of the points Q, R, 8 are 

( - 6, 4), ( - 6, - 4), and (5, - 4) respectively. 

Note. The coordinates of the origin are (0, 0). 

In practice it is convenient to use squared paper. Two 
intersecting lines should be chosen as axes, and slightly 
thickened to aid the eye, then one or more of the length- 
divisions may be taken as the linear unit. The paper used in 
the following examples is ruled to tenths of an inch. 



Example 1. The coordinates of the points A and B are (7, 8) and 
( - 5, 3) : piot the points and find the distance between them. 

After plotting the points as 
in the diagram, we may find 
AB approximately by direct 
measurement. 

Or we may proceed thus : 

Draw through B a line par* 
to XX' to meet the ordinate 
of A at C. Then ACB is a 
rt. -angled A in which BC = 12, 
and AC=6. 

Now AB2=BC2 + AC2 
= 122+52 
= 144+25 
= 169. 
.. AB=13. 



w 
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Example 2. The coordincUea of A, B, and Care {5, 7), (-8,2), atui 
(3, - 6) ; plot these poinU and find the area of the triangle of which thete 
are the verticee. 



Having plotted the points as in 
the diagram, we may measure AB, 
and draw and measure the perp. 
from C on AB. Hence the approxi- 
mate area may be calculated. 



Or we may proceed thus : 
Through A and B draw AP, BQ 
pari to YY'. 



XX 



Through C draw PQ par^ to 
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Then the A ABC » the trap"" APQB - the two rt -angled A> APC, BQO 
»JPQ(AP+BQ) - J . AP. PC-i. BQ. QC 
Bixl3xl9 -ixl2x2 -ix7xU 
m 73 units of area. 



EXERCISES. 

1. Plot the following sets of points : 

(i) (6,4), (-6,4), (-6, ^4), (6,-4); 
(ii) (8,0), (0,8), (-8,0), (0,-8); 
(iii) (12,5), (6, 12), (-12.6), (-6.12). 

2. Plot the following points, and shew experimentally that each set 
lie in one straight line. 

(i) (9. 7), (0, 0), (-9,-7); (ii) (-9. 7), (0, 0), (9, -7). 

Explain these results theoretically. 

3. Plot the following pairs of points ; join the {joints in each case, 
and measure the coordinates of the mid-point of the joining line. 

(i) (4,3), (12,7); (ii) (6,4), (16,16). 

Shew why in each case the coordinates of the mid-point are respec- 
tively half the sum of the absciaaa and half the sum of the ordinates of 
the given points. 

4. Plot the following pairs of points ; and find the coordinates ol 
the mid-point of their jommg lines. 

(i) (0.0), (8,10); (ii) (8,0), (0,10); 

(iii) (0, 0), ( - 8, - 10) ; (iv) ( - 8, 0), (0, - 10). 
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6. Find the ooordinates of the points of triflection of the line joinina 
(0, 0) to (18» 15). 

6. Plot the two following series of points : 

(i) (5, 0), (6, 2), (6. 6), (6, -1), (6, -4); 
(u) (-4, 8), (-1, 8). (0, 8), (3. 8), (6, 8). 

Shew that they lie on two lines respectively parallel to the axis of y, 
and the axis of x. Find the oooroinates of the point in which they 
intersect. 

7. Plot the following points, and oalcnlate their distances from the 
origin. 

(i) (15, 8) ; (ii) ( - 16, - 8) ; (iii) (2-4', T) ; (iv) ( - T , 2-4'0. 
Check yonr resnlts by measurement. 

8. Plot the following pairs of points, and in each case calculate the 
distance between them. 

(i) (4.0), (0,3); (ii) (9,8), (5,5); 

(iii) (15, 0), (0, 8); (iv) (10, 4), (-5, 12); 

(V) (20, 12), (-15,0); (yi) (20, 9), (-1C, -3). 

Verify your oaloulation by measurement. 

9. Shew that the points (-3, 2), (3, 10), (7, 2) are the auffular 
points of an isosceles triangle. Calculate and measure the lengtns ol 
the equal sides. 

10. Plot the eight points (0, 6), (3, 4), (5, 0), (4, -3), (-6, 0), 
(0, - 5), ( - 4, 3), ( - 4, - 3), and shew that they all lie on a circle whose 
centre is the origin. 

11. Explain by a diagram why the distances between the following 
pairs of points are all equaL 

(i) (a, 0), (0, h) ; (U) (6, 0), (0, a); (iii) (0, 0), (a, b). 

12. Draw the straight lines joining 

(i) (a, 0) and (0, a) ; (ii) (0, 0) and (a, a) ; 

and prove that these lines bisect each other at right angles. 

13. Shew that (0, 4), (12, 9), (12, - 4) are the vertices of an isosceles 
triangle whose base is bisected by the axis of x, 

14. Three vertices of a rectangle are (14, 0), (14, 10), and (0, 10) 
find the coordinates of the fourth vertex, and of the intersection of the 
diagonals. 

15. Prove that the four pomts (0, 0), (13, 0), (18, 12), (5, 12) are the 
angular points of a rhombus. Find the length of each side, and the 
coordinates of the intersection ol the diagonals. 

16. Plot the locus of a point which moves so that its distances from 
the points (0, 0) and (4, - 4) are always equal to one another Where 
does the loous out the axes? 
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17. Shew that the following groups of points are the vertices of 
rectangles. Draw the figures, and calculate their areas. 

(i) (4,3), (17,3), (17,12), (4,12); 
(ii) (3,2), (3,15). (-6,15), (-6,2); 
(iii) (5.1), (-8,1), (-8,-8), (5,-8). 

18. Join in order the points (l^ 0), (0, 1"), ( - 1*, 0), (0, - 1*). Of 
what kind is the quadrilateral so formed ? Find its area. 

If a second figure is formed by joining the middle points of the first, 
find its area. 

19. Plot the triangles given by the following sets of points ; and find 
their areas. 

(i) (10, 10), (4, 0), (18, 0) ; (ii) (10, - 10), (4, 0), (18, 0) ; 

(iii) ( - 10, 10), ( - 4, 0), ( - 18, 0) ; (iv) ( - 10, - 10), ( - 4, 0), ( - 18, 0). 

20. Draw the triangles given by the points 

(i) (0, 0), (5, 3), (6, 0) ; (ii) (0, 0), (3, 0), (0, 6). 

Find their areas ; and measure the angles of the first triangle. 

21. Plot the triangles given by the following sets of points. Shew 
that in each case one side is parallel to one of the axes. Hence find the 
area. 

(i) (0. 0), (12, 10), (12, -6); (ii) (0, 0), (5, 8), (-15, 8) ; 

(iii) (0,0). (-12, 12), (-12,-8); (iv) (0,0), (-6, -8), (20, -8). 

22. In the following triangles shew that two sides of each are 
parallel to the axes. Find their areas. 

(i) (6, 6), (15, 6), (16, 15) ; (ii) (8, 3), (8, 18), (Q, 18) ; 

(iii) (4, 8), (-16, -4), (4, -4); (iv) (1, 16), (-11, 16), (1, -7). 

23. Shew that (-5, 5), (7, 10), (10. 6), (-2, 1) are the angular 
points of a parallelogram. Find its sides and area. 

24. Shew that each of the following sets of points gives a trapezium. 
Find the area of each. 

(i) (3, 0), (3, 3), (9, 0), (9. 6) ; (ii) (0, 3), ( - 5, 3), ( - 2, - 3), (0, - 3); 

(iu) (8, 4), (4, 4), (11, - 1), (3, - 1); (iv) (0, 0), ( - 1, 6), ( - 4, 5), ( - 8. 0). 

26. Find the area of the triangles given by the following points : 

(i) (6, 6), (20, 10), (12, 14); (ii) (7, 6), (-10, 4), (-4,-3); 

(iii) (0, -6), (0, -3), (14. 6); (iv) (6, 4), (-7, -6). (-2, -16>. 

26. Shew that (-6, 0), (7, 6), (19, 0), (7, -5) are the angular 
points of a rhombus. Find its sides and its area. 
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27. Join the points (0, -5), (12, 0), (4, 6), (-8, -3), in the order 
BiTen. Calculate the lengths of the first three sides and measure the 
tonrth. Find the areas of the portions of the figure lying in the first 
and fourth quadrants. 

28. The coordinates of four points A, B, C, D are respectively 

(-4, -4), (-10,4), (-10,13), (5.5). 

Calculate the lenffths of AB, BC, CD, and measure AD. Also calculate 
the area of ABCu by considering it as the difference of two triangles. 

29. Draw the figure whose angular points are given by 

(0, -3). (8,3), (-4,8). (-4.3), (0,0). 
Find the lengths of its sides, taking the points in the above order. 
Also divide it into three right-angled triangles, and hence find its area. 

30. A plan of a triangular field ABC is drawn on squared paper 
(scale l'=100 yds.). On the plan the coordinates of A, B, 6 are 
( - r, - 3*1, (3*. 4^, ( - 5% - T) respectively. Find the area of the field, 
the length of the side represented by BC, and the distance from this 
side of the opposite comer of the field. 

31. Shew that the points (6, 0), (20, 6), (14, 20), (0, 14) are the 
vertices of a square. Measure a side and hence find the approximate 
area. Calculate the area exactly (i) by drawing a circumscribing 

Snare through its vertices ; (ii) by subdividing the given square as in 
e first figure on page 1S9D. 
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MISCELLANEOUS EXERCISES. 

1. AB and AC are unequal sides of a triangle ABC ; AX is the 
median through A, AP bisects the angle BAC, and AD is the perpen- 
dicular from A to BC. Prove that AP is intermediate in position and 
magnitude to AX and AD. 

\y^ 2. In a trianele if a perpendicular is drawn from one extremity of 
the base to the bisector of the yertical angle, (i) it will make with 
either of the sides containing the vertical ansle an angle equal to half 
the sum of the aneles at the base ; (ii) it wul make with the base an 
angle equal to half the difference of the angles at the base. 

3. In any triangle the angle contained by the bisector of the 
vertical ansle and the perpendicular from the vertex to the base is 
equal to haS the difference of the angles at the base. 

4. Construct a right-angled triangle having given the hypotdnnae 
and the difference of the other sides. 

6. Construct a triangle, having given the base, the difference of the 
anffles at the base, and (i) the difference, (ii) the sum of the remaining 
sloes. 

6. Construct an isosceles triangle, havine given the base and the 
sum of one of the equal sides and the perpenoicular from the vertex to 
the base. 

7. Shew how to divide a given straight line so that the square on 
one part may be double of the square on the other. 

8. ABCD is a parallel(^ram, and O is any point without the angle 
BAD or its opposite vertical anele ; shew that the triangle OAC is equal 
to the sum of the triangles GAD, GAB. 

If O is within the an^le BAD or its opposite vertical angle, shew 
that the triangle OAC is equal to the difference of the trianglee 
GAD, GAB. 

9. The area of a quadrilateral is equal to the area of a triangle 
having two of its sides equal to the diagonals of the given figure, and 
the included angle equal to either of the angles between the diagonals, 

10. Find the locus of the intersection of the medians of triangles 
described on a given base and of given area. 

11. On the base of a given triangle construct a second trisncle 
equal in area to the first, and having its vertex in a given strai^t 
line. 

12. ABCD is a parallelogram made of rods connected by hinges. U 
AB is fixed, find the locus of the middle point of CD. 



PART III 

THE CmCLE. 

Definitions and Fibst Principles. 

1. A circle is a plane figure contained by a line traced out 
by a point which moves so that its distance from a certain 
fixed point is always the same. 

The fixed point is called the centre, and the bounding line 
is called the circumference. 

Note. According to this definition the term circle strictly applies 
to the figure contained by the circumference ; it is often used however 
for the circumference itself when no confusion is likely to arise. 

2. A radins of a circle is a straight line drawn from the 
centre to the circumference. It follows that all radii of a 
circle are equal. 

3. A diameter of a circle is a straight line drawn through^ 
the centre and terminated both ways by the circumference. 

4. A semi-drcle is the figure bounded by a diameter of a 
circle and the part of the circumference cut off by the 
diameter. 

It will be proved on page 142 that a diameter divides a circle into 
two identically equal parts. 

5. Circles that have the same centre are said to be 
eoncentric. 
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From these definitions we draw the following inferences : 

(i) A circle is a closed curve; so that if the circumference 
is crossed by a straight line, this line if produced will cross 
the circumference at a second point. 

(ii) The distance of a point from the centre of a circle is 
greater or less than the i-adius according as the point is 
without or within the circumference. 

(iii) A point is outside or inside a circle according as its 
distance from the centre is greater or less than the radius. 

(iv) Circles of equal radii are identically equal. For by 
superposition of one centre on the other the circumferences 
must coincide at every point. 

(v) Concentric circles of unequal radii cannot intersect, for 
the distance from the centre of every point on the smaller 
circle is less than the radius of the larger. 

(vi) If the circumferences of two circles have a common 
point they cannot have the same centre, unless they coincide 
altogether. 



6. An arc of a circle is any part of the circumference. 

7. A chord of a circle is a straight line joining any two 
points on the circumference. 

NoTB. From these deiiDitioDB it may be seen 
that a chord of a circle, which does not pass through 
the centre, divides the circumference into two un- 
equal arcs ; of these, the greater is called the major 
arc, and the less the minor arc. Thus the major 
arc is greater , and the minor arc less than the semi- 
circumference. 

The major and minor arcs, into which a cir- 
cumference is divided by a chord, are said to be 
conjugate to one another. 
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Symmetry. 

Some elementary properties of circles are easily proved by 
confiddenitions of symmetry. For convenience the definition 
given on page 21 is here repeated. 

Definition 1. A figure is said to be symmetrical about a 
line when, on being folded about that line, the parts of the 
figure on each side of it can be brought into coincidence. 

The straight line is called an axis of symmetry. 

That this may be possible, it is clear that the two parts of the figure 
must have the same size and shape, and must be similarly placed with 
regard to the axis. 



Definition 2. Let AB be a straight line and P a point 
outside it. 



B 



Prom P draw PM perp. to AB, and produce it to Q, making 
MQ equal to PM. 

Then if the figure is folded about AB, the point P may be 
made to coincide with Q, for the iLAMP = the lAMQ, and 
MP=IVIQ. 

The points P and Q are said to be symmetrically opposite 
with regard to the axis AB, and each point is said to be the 
image of the other in the axis. 

Note. A point and its image are equidistant from every point on 
the axis. See Prob. 14, page 91 
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Some. Symmetrical Properties of Circles. 
I. A circle is symmetrical about any diameter. 



Let APBQ be a circle of which O is the centre, and AB any 
diameter. 

It is required to prove that the circle is symmetrical about AB. 

Proof. Let OP and OQ be two radii making any equal 
^•AOP, AOQ on opposite sides of OA. 

Then if the figure is folded about AB, OP may be made to 
fall along OQ, since the iLAOP = the Z.AOQ. 

And thus P will coincide with Q, since OP = OQ. 
" ^ - Thu g every point in the arc APB must coincide with some 
^ ', ^point in the arc AQ^ that is, the two parts of the circum- 
ference on each side oi AB can be made to coincide. 
^ *A '>vv vC ( .-. the circle is symmetrical about the diameter AB. 

Corollary. If PQ is drawn cutting AB at M, then on 
, folding the figure about AB, since P falls on Q, MP will 
, coinciae with MQ, 
, '-* .-. MP=MQ; 

and the lOMP will coincide with the z. OMQ, 
.'. these angles, being adjacent, are rt. l' ; 
,\ the points P and Q are symmetrically opposite with 
regard to AB. 
V Hence, conversely, if a circle passes through a given point P, 
U also passes through the symmetrically opposite point with regard 
to any diameter. 

Definition. The straight line passing through the centres 
of two circles is called the line of centres. 
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n Two drdes are divided symmekically by their line of centres. 




Let O, O' be the centres of two circles, and let the st. line 
through O, O' cut the O^ at A, B and A', B'. Then AB and 
A'B' are diameters and therefore axes of symmetry of their 
respective circles. That is, the line of centres divides each 
circle symmetrically. 



III. If two circles cut at one point, they must also cut at a 
second point ; and the common chord is bisected at right angles by 
tiie line of centres. 




Let the circles whose centres are O, O' cut at the point P. 

Draw PR perp. to 00', and produce it to Q, so that 
RQ = RP. 

Then P and Q are sjnnmetrically opposite points with 
regard to the line of centres 00' ; 

.'. since P is on the O** of both circles, it follows that Q is 
also on the O^ of both. [I. Cor.] 

And, by construction, the common chord PQ is bisected at 
right angles by 00'. 
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ON CHORDS 

C. J. Theorem 31. [Euclid III. 3.] 

If a straight line drawn from the centre of a circle bisects a 
chord which does not pass through the centre, it cuts the chord ai 
right angles. 

Conversely y if it cuts the chord at right angles, it bisects ii. 




Let ABC be a circle whose centre is O ; and let OD bisect 
a chord AB which does not pass through the centre. 

It is required to prove that OD is perp. to AB. 
Join OA, OB. 

Proof. Then in the A' ADO, BDO, 

(AD = BD, by hypothesis, 
OD is common, 
and 0A = OB, being radii of the circle ; 

.-. the L ADO = the L BDO ; Theor. 7. 

and these are adjacent angles, 

.'. OD is perp. to AB. Q.E.D. 

Conversely, Let OD be perp. to the chord AB 
It is required to prove that OD bisects AB. 

Proof. In the A' ODA, ODB, 

(the iL" ODA, ODB are right angles, 
the hypotenuse OA = the hypotenuse OB, 
and OD is common ; 

.-. DA=DB; Theor. 18. 

that is, OD bisects AB at D. Q.E.IX 
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Corollary 1. The straight line which bisects a chord ai^^^ 
right angles passes through the centre, . ^ 

Corollary 2. A straight Kne cannot meet a circle at nwr» 
than two points. 

For suppose a st. line meets a .0 

circle whose centre is O at the points 
A and B. 

Draw OC perp. to AB. 



ThenAC = CB. A C B O 

Now if the circle were to cut 'AB in a third point D, AO 
would also be equal to CD, which is impossible. 

' Corollary 3. A chord of a circle Ms wholly within it. 



EXERCISES. 
(Numericat and Chaphical.) 

1. In the figure of Theorem 31, if AB=8 cm., and 0D = 3 cm., find 
OB. Draw the figure, and verify your result by measurement. 

2. Calculate the length of a chord which stands at a distance 5^^ 
from the centre of a circle whose radius is 13". 

3. In a circle of 1" radius draw two chords 1 -6" and 1 '2" in length. 
Calculate and measure the distance of each from the centre. 

4. Draw a circle whose diameter is 8*0 cm. and place in it a, chord 
6*0 cm. in length. Calculate to the nearest millimetre the distance of 
the chord from the centre ; and verify your result by measurement. 

5. Find the distance from the centre of a chord 5 ft. 10 in. in length 
in a circle whose diameter is 2 yds. 2 in. Verify the result graphically 
by drawing a figure in which 1 cm. represents 10". 

6. AB is a chord 2*4'' long in a circle whose centre is O and whose 
radius is 1 '3" ; find the area of the triangle OAB in square inches. 

7. Two points P and Q are 3" apart. Draw a circle with radius 1 '7* 
to pass through P and Q. Calculate the distance of its centre from the 
chprd PQ, and verify by measurement. 

H.S.O. K 
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n 



Theorem 32. 

1 
One cirde, and only one, can pass through any three points not 
in the same straight line. 



4 i\ 




Let A, B, C be three points not in the same straight line. 

It is required to prove that one circle, and only one, can pass 
through A, B, and C. 

Join AB, BC. 

Let AB and BC be bisected at right angles by the lines 
OF, EG. 

Then since AB and BC are not in the same st. line, DF and 
EG are not par\ 

Let DF and EG meet in O. 



Proof. Because DF bisects AB at right angles, 

.'. every point on DF is equidistant from A and B. 

Prob. 14. 

Similarly every point on EG is equidistant from B and C. 

.'. O, the only point common to DFand EG, is equidistant 
from A, B, and C ; 

and there is no other point equidistant from A, B, and C. 

.-.a circle having its centre at O and radius OA will pass 
through B and C ; and this is the only circle which will 
through the three given points. Q.E.D. 
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Corollary 1. Ths size and position of a circle are fulhj 
determined if it is known to pass thrdugh three given points ; for 
then the position of the centre and length of the radius can 
be found. 

Corollary 2. Two circles cannot cut one another in more 
than two points without coinciding entirely ; for if they cut at 
three points they would have the same centre and radius. 

Hypothetical Construction. From Theorem 32 it appears 
that we may suppose a circle to be drawn through any three points 
not in the same straight line. 

For example, a circle can be assumed to pass through the vertices of 
any triangle. 

Definition. The circle which passes through the vertices 
of a' triangle is called its circum-cirele, and is said to be 
circumscribed about the triangleT The centre of the circle ia 
called the circum-centre of the triangle, and the radius is called 
the circmn-radius. 



exercises on theorems 31 and 32. 

( Theoretical. ) 

1. The parts of a straight line intercepted between the circum- 
fereflces of two concentric circles are equal 

2. Two circles, -whose centres are at A and B, intersect at C, D ; and 
M is the middle point of the common chord. Shew that AM and BIM 
are in the same straight line. 

Hence prove that the line of centres bisects the common chord at right 
angles, 

3. AB, AC are two equal chords of a circle ; shew that the straight 
line which bisects the angle BAG passes through the centre. 

4. Find the locus of the centres of all circles which pass through two 
given points, 

5. Describe a circle that shall poLsa through two given points and have 
its centre in a given straight line. 

When is this impossible ? 

6. Describe a circle of given radius to pass through two given points. 
When is this impossible ? 
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♦Theorem 33. [Euclid III. 9.] 

If from a point within a circle rnore than two equal straighi 
lines^ can be drawn to the drcwmfermce^ thai point is the centre 



of the circle. 




Let ABC be a circle, and O a point within it from which 
more than two equal st. lines are drawn to the O**, namely 
OA, OB, OC. 

It is required to prove that O is the centre of the circle ABC. 

Join AB, BC. 
Let D and E be the middle points of AB and BC respectively. 

Join OD, OE. 

Proof. In the a' ODA, ODB, 



[ DA=DB, 



because -[ DO is common, 

[and OA = OB, by hypothesis; 

.-. the iL ODA = the z. ODB; Theor. 7. 

.'. these angles, being adjacent, are rt. l\ 

Hence DO bisects the chord AB at right angles, and therefore 
passes through the centre. Theor. 31, Cor, 1. 

Similarly it may be shewn that EO passes through the 
centre. 

.'. O, which is the only point common to DO and EO, must 
be the centre. Q.E.D. 
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EXERCISES ON CHORDS. 
{Numerical and Cfraphical.) 

1. AB and BC are lines at ri^ht ansles, and their lengths are 1*6* 
and 3*0^ respectively. Draw the circle through the points A, B, and C ; 
find the length of its radias, and verify your result by measurement. 

2. Draw a circle in which a chord 6 cm. in length stands at a 
distance of 3 cm. from the centre. 

Calculate (to the nearest millimetre) the length of the radius, and 
verify your result by measurement. 

3. Draw a circle on a diameter of 8 cm., and place in it a chord 
eqaal to the radius. 

Calculate (to the nearest millimetre) the distance of the chord from 
the oentre, and verify by measurement. 

4. Two circles, whose radii are respectively 26 inches and 25 
inches, intersect at two points which are 4 feet apart. Find the 
distance between their centres. 

Draw the figure (scale 1 cm. to 10"), and verify your result by 
measurement. 

5. Two jparallel chords of a circle whose diameter is 13" are re- 
spectively 5 and 12" in length : shew that the distance between them 
is either 8-5" or 3-5". 

«-^D. Two parallel chords of a circle on the same side of the centre are 
6 cm. and 8 cm. in length respectively, and the perpendicular distance 
between them is 1 cm. Calculate and measure the radius. 

7. Shew on squared paper that if a circle lias its centre at any point 
on the a;-axis and passes through the point (6, 5), it also passes through 
the point (6, -5). [See page 132,] 



{Theoretical.) 

^ 8. The line joining the middle points of two parallel chords of a 
circle passes through the centre. 

9. Find the locus of the middle points of parallel chorda in a circle. 

^^ 10. Two intersecting chords of a circle cannot bisect each other 
unless each is a diameter. 

11. If a parallelogram can be inscribed in a circle, the point of inter- 
section of its diagonals must be at the centre of the circle. 

12. Shew that rectangles are the only parallelograms that can be 
inscribed in a circle. 
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Theorem 34. [Euclid III. 14.] 
EqiLal chords of a circle are equidistant from the centre. 

Conversely, chords which are equidistant from the centre are 
equal. 

C 




Let AB, CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 

First, LetAB = CD. 

It is required to prou that AB and CD are equidistant from O. 
Join OA, OC. 

Prool Because OF is perp. to the chord AB, 

.-. OF bisects AB; Theor, 31. 

.'. AF is half of AB. 
Similarly OG is half of CD. 
But, by hypothesis, AB = CD, 
•. AF = CG. 

Now in the A" OFA, OGC, 

I the L* OFA, OGC are right angles, 
the hypotenuse OA = the hypotenuse OC, 
and AF = CG ; 

.'. the triangles are equal in all respects ; Theor. IS, 

so that OF = OG ; * 
that is, AB and CD are equidistant from O. 

Q.E.D. 
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Conversely. Let OF = OG. 

It is required to prove that AB = CD. 

Proof. As before it may be shewn that AF is half of AB, 
and CG half of CD. 

Then in the A' OFA, OGC, 

{the L* OFA, OGC are right angles, 
the hypotenuse OA = the hypotenuse OC, 
and OF = OG ; 

.-. AF = CG; Them-. 18. 

. • the doubles of these are equal ; 
that is, AB = CD. 

Q.E.D. 



EXERCISES. 

{Theoretical.) 

'-^ 1. Find the locos of the middle points of equal chords of a circle, 

v^ 2. K two chords of a circle cut one another, and make equal 
angles with the straight line which joins their point of intersection to 
the centre, they are equal. 

w 3. If two equal chords of a circle intersect, shew that the segments 
of the one are equal respectively to the segments of the other. 

-' 4. In a given circle draw a chord which shall be equal to one given 
straight line (not greater than the diameter^ and parallel to another. 

. 5. PQ is a fixed chord in a circle, and AB is any diameter : shew 
that the sum or difference of the perpendiculars let fall from A and B 
on PQ is constant, that is, the same for all positions of AB. 

[See Ex. 9, p. 65.] 

{Qraphicod.) 

6. In a circle of radius 4*1 cm. any number of chords are drawn 
each 1'8 cm. in length. Shew that the middle points of these chords 
all lie on a circle. Calculate and measure the length of its radius, and 
draw the circle. 

7. The centres of two circles are 4" apart, their common cho^d is 
2*4" in length, and the radius of the larger circle is 3'7". Give a con- 
struction for finding the points of intersection, of the two circles, and 
find the radius of the smaller circle. 
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Theorem 35. [Euclid III. 15.] 

Of any tvx) chords of a circle, that which is nearer to the centre 
is greater than one more remote. 

Conversely^ the greater of two chords is nearer to the cenke than 
the less. 




Let ABy CD be chords of a circle whose centre is O, and let 
OF, OG be perpendiculars on them from O. 

It is required to prove thai 

(i) if OF is less than OQ, then AB is greater than CD : 
(ii) if AB is greater than CD, then OF is less than OQ. 
Join OA, OC. 

Proof. Because OF is perp. to the chord AB, 
.•. OF bisects AB ; 
.-. AF is half of AB : 
Similarly CQ is half of CD. 

Now OA = OC, 
.*. the sq. on OA=»the sq. on OC. 

But since the l OFA is a rt. angle, 

.*. the sq. on OA=:the sqq. on OF, FA. 

Similarly the sq. on OC = the sqq. on OQ, GO. 
/. the sqq. on OF, FA = the sqq. on OQ, QC. 
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(i) Hence if OF is given less than OQ ; 

the sq. on OF is less than the sq. on 00. 
.'. the sq. on FA is greater than the sq. on 00 ; 

.-. FA is greater than 00 : 

.'. AB is greater than OD. 

(ii) But if AB is given greater than OD, 
that is, if FA is greater than GO ; 
then the sq. on FA is greater than the sq. on GO. 
.*. the sq. on OF is less than the sq. on 00 ; 

.-. OF is less than OQ. Q.E.D, 

Corollary. The greatest chord in a circle is a diameter. 



EXERCISES. 

{Miscellaneous,) 
/ 
-^ 1. Through a given point within a circle draw the least poBsible 
chord. 

2. Draw a triangle ABO in which o = 3 -5", 6 = 1 -2", c = 3 'T. Through 
the ends of the side a draw a circle with its centre on the side c. Cal- 
cnlate and measure the radius. 

3. Draw the circum-circle of a triangle whose sides are 2*6", 2'8*, 
and 3'(r. Measure its radius. 

4. AB is a fixed chord of a circle, and XY any other chord having 
its middle point Z on AB ; what is the greatest, and what the least 
length that aY may have ? 

Shew that XY increases, as Z approaches the middle point of AB. 

5. Shew on squared paper that a circle whose centre is at the 
origin, and whose radius is 3*0^', passes through the points (2*4", 1*8"), 
(1*8", 2*4"). 

Find (i) the length of the chord joining these points, (ii) the co- 
ordinates of its middle point, (iii) its perpendicular distance from the- 
origin. 
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♦Theorem 36. [Euclid III. 7.] 

If from any internal paint, not the centre, straight lines are 
drawn to the circumference of a circle, then the greatest is that 
which passes through the centre, and the least is the remaining part 
of that diameter. 

And of any other two such lines the greater is that which sub- 
tends the greater omgle at the centre. 




Let ACDB be a circle, and from P any internal point, which 
is not the centre, let PA, PB, PC, PD be drawn to the O**, 
so that PA passes through the centre O, and PB is the remain- 
ing part of that diameter. Also let the l POC at the centre 
subtended by PC be greater than the z. POD subtended by PD. 

It is required to prove that of these st. lines 
(i) PA is the greatest, 
(ii) PB is the least, 
(iii) PC is greater than PD. 
Join OC, OD. 

Proof, (i) In the A POC, the sides PO, OC are together 

greater than PC. Theor, 1 1. 

But OC = OA, being radii ; 

.'. PO, OA are together greater than PC ; 

that is, PA is greater than PC. 

Similarly PA may be shewn to be greater than any other 
Bt line drawn from P to the O** ; 

.*. PA is the greatest of all such lines. 
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(ii) In the aOPD, the sides OP, PD are together greater 
than OD. 

But OD = OB, being radii ; 

/. OP, PD are together greater than OB. 

Take away the common part OP; 

then PD is greater than PB. 

Similarly any other st. line drawn from P to the 0~ may 
be shewn to be greater than PB ; 

*. PB is the least of all such lines. 

(iii) In the A' POC, POD, 

)PO is common, 
OC = OD, being radii, 
but the L POC is greater than the l POD ; 

.-. PC is greater than PD. Theor, 19. 

Q.E.D. 

EXKRClfeES. 
{MisceHaneotu.) 

1. AU drdea which pass through a fixed point, and have their centres 
on a given straight line, pass also through a second Jixed point. 

2. If two circles which intersect are cut by a straight line parallel 
to the common chord, shew that the parts of it intercepted between the 
circumferences are equal. 

3. If two circles cut one another, any two parallel straight lines 
drawn through the points of intersection to cut the circles are equal. 

4. If two circles cut one another, any two straight lines drawn 
through a point of section, making equal angles with the common 
chord, and terminated by the circumferences, are equal. 

6. Two circles of diameters 74 and 40 inches respectively have a 
conmion chord 2 feet in length : find the distance between their centres. 

Draw the 6gure (1 cm. to represent 10") and verify your result by 
measurement. 

6. Draw two circles of radii 1 '0" and 1 '7", and with their centres 
2*1" apart. Find by calculation, and by measurement, the length of 
the common chord, and its distance from the two centres. 
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♦Theorem 37. [EucHd III. 8.] 

If from any external point straight lines are dravm to the 
circumference of a circle, the greatest is that which passes through 
the centre, and the least is that which when produced passes through 
(he centre. 

And of any other two such lines, the greaier is that which sub- 
tends the greater angle at the centre. 




Let ACDB be a circle, and from any external point P let the 
lines PBA, PC, PD be drawn to the O**, so that PBA passes 
through the centre O, and so that the l POC subtended by PC 
at the centre is greater than the l POD subtended by PD. 

It is required to prove that of these st, lines 
(i) PA is the greatest, 
(ii) PB is the least, 
(iii) PC is greater thmi PD. 
Join DC, CD. 

Proof, (i) In the A POC, the sides PO, OC are together 
greater than PC. 

But OC = OA, being radii ; 

.*. PO, OA are together greater than PC ; 

that is, PA is greater than PC. 

Similarly PA may be shewn to be greater than any other st 
line drawn from P to the O"" ; 

that is, PA is the greatest of all such lines. 
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(ii) In the A POD, the sides PD, DO are together greater 
than PO. 

But OD = OB, being radii ; 
.*. the remainder PD is greater than the remainder PB. 

Simiiarly any other st. line drawn from P to the O** may be 
shewn to be greater than PB ; 

that is, PB is the least of all such lines. 

(iii) In the A' POC, POD, 

[ PO is common, 
because -{ OC = OD, being radii ; 

(but the L POC is greater than the L POD ; 

.-. PC is greater than PD. Thear. 19. 

Q.E.D. 



EXERCISES. 
{Miscellaneoua,) 

1. Find the greatest and least straight lines which have one ex- 
tremity on each (S two given circles which do not intersect. 

2. If from any point on the circumference of a circle straight lines 
are drawn to the circumference, the greatest is that which passes 
through the centre ; and of any two such lines the greater is that 
which subtends the greater angle at the centre. 

3. Of all straight lines drawn through a point of intersection of two 
circles, and terminated by the circumferences, the greatest is that which 
is parallel to the line of centres. 

4. Draw on squared paper any two circles which have their centres 
on the a;-axis, and cut at the point (8, - 11). Find the coordinates of 
their other point of intersection. 

5. Draw on squared paper two circles with centres at the points 
(15, 0) and ( -6, 0) respectively, and cutting at the point (0, 8). Find 
the lengths of their radii, and the coordinates of their other point of 
intersection. 

6. Draw an isosceles triangle OAB with an angle of 80° at its vertex 
O. With centre O and radius OA draw a circle, and on its circum- 
ference take any number of points P, Q, R, ... on the same side of 
AB as the centre. Measure the singles subtended by the chord AB at 
the points P, Q, R, ... . Repeat the same exercise with any other given 
angle at O. What inference do you draw 7 
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ON ANGLES IN SEGMENTS, AND ANGLES AT THB 
CENTRES AND CIRCUMFERENCES OF CIRCLES. 

Theorem 38. [Euclid III. 20.] 

The angle at the centre of a circle is dovhle of an angle at the 
cirmmf&rence standing on the same arc. 





Fig. I. 



Fig. 2. 



Let ABC be a circle, of which O is the centre ; and let BCX5 
be the 'angle at the centre, and BAG an angle at the O**, 
standing on the same arc BC. 

// is required to prove that the l BOC is twice the l BAC. 
Join AO, and produce it to D. 

Proof. In the A CAB, because OB = OA, 

. •. the L OAB = the L OBA. 
.-. the sum of the z.'OAB, OBA = twice the Z.OAB. 

But the ext. Z. BOD = the sum of the L* OAB, OBA ; 
. •. the L BOD = twice the l OAB. 

Similarly the L DOC == twice the L OAC. 

.*. , adding these results in Fig. 1, and taking the difference 
in Fig. 2, it follows in each case that 

the L BOC = twice the L BAC. Q.E.D, 



ANGLE PROPERTIES. 
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Fig.3. 



Fig. 4. 



Obs. If the arc BEC, on which the angles stand, is a semi- 
circumference, as in Fig. 3, the ^BOC at the centre is a 
straight angle \ and if the arc BEC is greater than a semi- 
circumference, as in Fig. 4, the l BOC at the centre is reflex. 
But the proof for Fig. 1 applies without change to both these 
cases, shewing that whether the given arc is greater than, 
equal to, or less than a semi-circumference, 

the L BOC = tvnce the l BAC, on the same arc BEC. 



DEFINITIONS. 



A segment of a circle is the figure bounded 
by a chord and one of the two arcs into which 
the chord divides the circumference. 



Note. 
its base. 



The chord of a segment is sometimes called 




An angle in a segment is one formed by two 
straight lines drawn from any point in the arc 
of the segment to the extremities of its chord. 



We have seen in Theorem 32 that a circle may be drawn 
through any three points not in a straight line. But it is 
only under certain conditions that a circle can be drawn 
through more than three points. 

Definition. If four or more points are so placed that a 
circle may be drawn through them, they are said to be 
concyclic. 
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Theorem 39. [Euclid III. 21.] 
Angles in the same segment of a circle are equal. 





Fig.i. 



Fig. 2. 



Let BAC, BDC be angles in the same segment BADC of a 
circle, whose centre is O. 

It is required to prove that the l BAC =^the l BDC. 
Join BO, OC. 



Proof. Because the l BOC is at the centre, and the l BAC 
at the C®, standing on the same arc BC, 

.-. the L BOC = twice the L BAC. Theor. 38. 



Similarly the L BOC = twice the L BDC. 
.• . the z. BAC = the l BDC. 



Q.E.D. 



Note. The given segment may be greater than a semicircle as in 
Fis. 1, or less than a semicircle as in Fij^. 2 : in the latter case the angle 
BOC will be reflex. But by virtue of the extension of Theorem 38, 
eiven on the preceding page, the above proof applies equally to both 
figures. 



ANOLB PB0PBBTIE8. 
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OoNviiBSE OF Thbobem 39. 

Equal angles standing on the same base, and on the same side of t^, 
JuLve their vertices on an arc of a circle, of whidi the given base is the 
chord. 

Let BAC, BDC be two equal angles standing on 
the same base BC, and on the same side of it. 

It is required to prove that A aand D lie on an arc 
of a circle having BC as its chord. 

Let ABC be the circle which passes throneh 
the three points A, B, C ; and suppose it cuts BD 
or BD produced at the point E. 

Join EC. 




Proof. Then the L BAC=the Z. BEC in the same segment. 
But, by hypothesis, the LBAC^the Z.BDC; 

.' the Z.BEC=the Z.BDC; 

which is impossible unless E coincides with D ; 

.*. the circle through B, A, C must pass through D. 

CoROLLABT. The locus of the vertices of triangles drawn on the same 
side of a given base, and %oith equal vertical angles is an arc of a circle. 



^ EXERCISES ON THEOREM 39. 

^ 1. In Fig. 1, if the angle BDC is 74°, find the number of degrees in 
each of the angles BAC, BOC, OBC. 

2. In Fig. 2, let BD and CA intersect at X. If the angle DXC=40°, 
and the angle XCD=25°, find the number of degrees in the angle BAC 
and in the reflex angle BOC. 

3. In Fig. 1, if the angles CBD, BCD are respectively 43° and 82°, 
find the number of degrees in the angles BAC, OBD, OCu. 

-' 4. Shew that in Fig. 2 the angle OBC is always less than the angle 
BAC by a right angle. 

[For further Exercises on Theorem 39 see page 170.] 

H.S.O. L 



CHEOMirrRT. 



Theorem 40. [Euclid III. 22.] 

The opposite angles of any qiiadrilateral inscribed m a circle 
a/re together equal to two right angles. 




Let ABCD be a (quadrilateral inscribed in the 0ABC. 
// is required to prove that 

(i) the iJ ADC, ABC together = tvx) rt, angles. 

(ii) the z."BAD, BCD together^ two rt. angles. 
Suppose O is the centre of the circle. 
Join OA, OC. 

Proof. Since the Z-ADC at the 0°*«half the lAOC at the 
centre, standing on the same arc ABC ; 

and the l ABC at the O" = half the reflex l ADC at the centre, 
standing on the same arc ADC ; 

.*. the Z-'ADC, ABC together = half the sum of the Z-AOC and 
the reflex lAOC. 

But these angles make up four rt. angles. 

.*. the z.*ADC, ABC together = two rt. angles. 

Similarly the l* BAD, BCD together = two rt. angles. 

Q.E.D. 

Note. The results of Theorems 39 and 40 should be carefully 
compared. 

From Theorem 39 we learn that angles in the same segment are 
eqtud. 

From Theorem 40 we learn that angles in conjugate segments are 
supplementary. 

Definition. A quadrilateral is called cyclic when a circle 
can be drawn through its four vertices. 
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GONYEBSB OF ThBOKEM 40. 

If a 'pair of opposite angles of a quadrilateral are auppUmentarf/f its 
vertices ore coneyclic. 

Let ABCD be a quadrilateral in which the 
opposite angles at B and D are supplementary. 

It is required to prove that the points A, B, C, D 
are conq/dic 

Let ABC be the circle which passes through 
the three points A, B, C ; and suppose it cuts AD 
or AD produced in the point E. 

Join EC. 

Proof. Then since ABCE is a cyclic quadrilateral, 

.'. the L AEC is the supplement of the L ABC. 

But, by hypothesis, the L ADC is the supplement of the Z.ABC; 

.-. the Z.AEC=the Z.ADC; 

which is impossible unless E coincides with D. 

•*. the circle which passes through A, B, C must pass through D : 

that is, A, B, C, D are coneyclic. Q.E.IX 




/ 



EXERCISES ON THEOREM 40. 



1. In a circle of 1*6" radius inscribe a quadrilateral ABCD, makins 
the angle ABC equal to 126*'. Measure the remaining angles, and 
hence verify in this case that opposite angles are supplementary. 

^ 2. Prove Theorem 40 by the aid of Theorems 39 and 16, after first 
joining the opposite vertices of the quadrilateraL 

\ 3. If a circle can be described about a parallelogram, the parallelo- 
'^ gram must be rectangular. 

^yi. ABC is an isosceles triangle, and XY is drawn parallel to the 
base BC cutting the sides in X and Y : shew that the four points B, C, 
X, Y lie on a circle. 

1/5. If one side of a cyclic quadrilateral is producedy the exterior angle 
is equal to the opposite iiUerior angle of the quadrilcUeral. 
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Theorem 41. [EucKd IH 31.] 
The trngle in a semircirde is a rigU <mgle. 




Let ADB be a circle of which AB is a diameter and O the 
oentre ; and let C be any point on the semi-circumference ACS. 

It is required to prove that the z. ACB is art. angle. 

1st Proof. The Z.ACB at the O"* is half the straight angle 
AOB at the centre, standing on the same arc ADB ; 
and a straight angle = two rt. angles : 

•*. the Z-ACB is a rt. angle. Q.E.D. 

2nd Ftoo£ Join OC. 

Then because OA==OC, 

.-. thez.OCA = thez.OAC. Thear. 5. 

And because OB = OC, 

.-. the L 0GB = the L OBC. 
.•. the whole L AOB = the L OAC + the l OBC. 

But the three angles of the A ACB together = two rt. angles ; 
. * . the L ACB B one-half of two rt. angles 
Bone rt. angle. Q.E.D. 
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Corollary. The angle in a segment greater than a semirdrcle 
is acute J and the aaigle in a segment less tha/n a semircirde is obtuse. 





A\ 7B 

The Z.ACB at the O" is half the Z.AOB at the centre, on the 
same arc ADB. 

(i) If the segment ACB is greater than a semi-circle, then 
ADB is a minor arc ; 

.'. the LAOS is less than two rt. angles ; 
.*. the Z.ACB is less than one rt. angle. 

(ii) If the segment ACB is less than a semi-circle, then ADB 
is a m4ijor arc ; 

.•. the z. AOB is greater than two rt. angles ; 
.•. the Z.ACB is greater than one rt. angle. 

EXERCISES ON THEOREM 41. 

1. A cirde described on the hypotenuse of a right-angled triangle M 
diametery passes through the opposite angrdar point. 
/ 2. Two circles intersect at A and B ; and through A two diameters 
V AP, AQ are drawn, one in each circle : shew that the points P, B, Q 
are collinear. 

3. A circle is described on one of the equal sides of an isosceles 
triangle as diameter. Shew that it passes through the middle point of 
t^e M«e. 
^^j;;^ 4. Circles described on any two sides of a triangle as diameters 
intersect on the third side, or the third side produced. 
fX 5. A straight rod of given length slides between two straight rulers 
^ nlaced at right angles to one another ; find the locus of its middle point. 
/ 6. Find the locus of the middle points of chords oj a cirde drawn 
^ through a fixed point. Distinguish between the cases when the given point 
is within, on, or without the circumference. 

DEPiNrnON. A sector of a circle is a figure / \ 

bounded by two radii and the arc intercepted [ >n. 1/ 
between them. 
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, . Theorem 42. [Euclid IIL 26.1 

In equal circles, arcs which subtend equal angles, either at the 
centres or at the circumferences, are equal 





Let ABC, DEF be equal circles, and let the l BGC = the z. EHF 
at the centres ; and consequently 

the L BAG = the z. EDF at the O*^. Thear, 38. 

It is required to prove that the a/rc BKC = the arc ELF. 

Proof. Apply the ABC to the DEF, so that the centre Q 
falls on the centre H, and QB falls along HE. 

Then because the l BGC = the z. EHF, 
.-. GC will fall along HF. 

And because the circles have equal radii, B will fall on E> 
and C on F, and the circumferencee of the circles will coincide 
entirely. 

.'. the arc BKC must coincide with the arc ELF ; 

.*. the arc BKC = the arc ELF. Q.E.D. 

CoROLLAKY. In equal circles sectors which have equal angles 
a/re equal, 

Obs. It is clear that any theorem relating to arcs, angles, 
and chords in equal circles must also be true m the same circla 



AUCS AND ANOLES, 167 



Theorem 43. [Euclid IH 27.] 

In equal circles^ cmgleSy either at the centres or at the eircum^ 
ferences, which stamd on equal arcs are equal. 





Let ABC, DEF be equal circles ; 
and let the arc BKC = the arc ELF. 

It is required to prove that 

the L BX^O-the L EHF at the centres; 
also the L BAC = the z. EDF a« the O*". 

Proof. Apply the ABC^^the DEF, so that the centre Q 
falls on the centre H, ariSf'GBTalls along HE. 

Then because the circles have equal radii, 

. • . B falls on E, and the two O**" coincide entirely. 

And, by hypothesis, the arc BKC = the arc ELF, 

.*. C falls on F, and consequently GC on HF ; 

.-. thez.BGC = thez.EHF. 

And since the l BAC at the O** = half the L BGC at the centre \ 
and likewise the l EDF = half the L EHF ; 

/. the L BAC = the L EDF. Q.E.IX 
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Theorem 44. [Euclid ni. 28.] 

In equal circles, arcs which are cui. off by eqiud chords a/re egual^ 
the major arc equal to the major arc, and the minor to the minor. 





Let ABC, DEF be equal circles whose centres are G and H -, 
' • and let the chord BC = the chord EF. 

It is required to prove that 

the major arc BAC = the major arc EDF, 
and the minor arc BKC » the minor arc ELF. 

Join BQ, GC, EH, HF. 

Proof. In the As BGC, EHF, 

f BG = EH, being radii of equal circles, 
because -j GC = HF, for the same reason, 
[and BC = EF, by hypothesis ; 

.-. the L BGC = the z- EHF ; Theor. 7. 

.-. the arc BKC = the arc ELF ; Theor. 42. 

and these are the minor arcs. 
But the whole a*ABKC = the whole 0~ DELF; 
•'• the remaining arc BAC » the remaining arc EDF : 

and these are the major arcs. Q.E.D. 
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Theorem 45. [Euclid HI. 29.] 
In equal drdes chords which cud off equal arcs are equal. 





Let ABC, DEF be equal circles whose centres are Q and H ; 
and let the arc BKC = the arc ELF. 

It is required to prove thai the chard BC = the cJwrd EF. 
Join BG, EH. 

Proof. Apply the ABC to the DEF, so that Q falls on Y\ 
and GB along HE. 

Then because the circles have equal radii, 

.*. B falls on E, and the O*" coincide entirely. 

And because the arc BKC = the arc ELF, 
.'. C falls on F. 
.*. the chord BC coincides with the chord EF ; 

•*. the chord BC»the chord EF. Q.E.D. 
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/^ EXEROISBS ON ANGLES IN A CIRCLE. 

1. P is any point on the arc of a segment of which AB is the chord. 
Shew that the sum of the angles PAB, PBA is constant. 

"^ 2. PQ and RS are two chords of a circle intersecting at X : prove 
that the triangles PXS, RXQ are equiangular to one another. 

' 3. Two circles intersect at A and B ; and through A any straight 
"line PAQ is drawn terminated by the circumferences : shew that PQ 
subtends a constant angle at B. 

^ 4. Two circles intersect at A and B ; and through A any two 
straight lines PAQ, XAY are drawn terminated by the circumferences ; 
shew that the arcs PX, QY subtend equal angles at B. 



a 



.5. P is any point on the arc of a segment whose chord is AB : and 
, the angles PAB, PBA are bisected by straight lines which intersect at O. 
' Find the locus of the point 0. 

6. If two chords intersect within a circle, they form an angle equal to 
thai a>t the centre, sitbtended by half the sum of the arcs they cut off, 

^ 7. If two chords intersect witJiout a circle, they form an angle equal 
to that at the centre svbtended by half the difference of the arcs they ctU off. 

8. The sum of the arcs cut off by two chords of a circle at right 
angles to one another is equal to the semi-circumference. 

^ - i 9. If AB is a fixed chord of a circle and P any point on one of the 
arcs cut off by it, then the bisector of the angle APB cuts the conjugate art 
in the same point for all positions of P. ; , . 

\^Mo. AB, AC are any two chords of a circle ; and P, Q are the middle 
points of the minor arcs cut off by them ; if PQ is joined, cutting AB in 
X and AC in Y, shew that AX=AY. 

^^ 11. A triangle ABC is inscribed in a circle, and the bisectors of the 
'" ^angles meet the circumference at X, Y, Z. Shew that the angles of the 
triangle XYZ are respectively 

90"-^, 90»-|, 90"-! 

12. Two circles intersect at A and B ; and through these points 
lines are drawn from any point P on the circumference of one of the 
circles : shew that when produced they intercept on the other circum- 
ference an arc which is constant for all positions of P. 
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13. The straight lines which join the extremities of parallel chords 
in a circle (i) towards the same parts, (ii) towards opposite parts, are 
equal. 

14. Through A, a point of intersection of two equal circles, two 
straight lines rAQ, XAY are drawn : shew that the chord PX is equal 
to the chord QY. 

15. Through the points of intersection of two circles two parallel 
straight lines are drawn terminated by the circumferences : shew that 
the straight lines which join their extremities towards the same parts 
are equal. 

16. Two equal circles intersect at A and B ; and through A any 
■traj^t line PAQ is drawn terminated by the circumferences : shew 
thatBP=BQ. 

17. ABC is an isosceles triangle inscribed in a circle, and the 
bisectors of the base angles meet the circumference at X and Y. Shew 
that the figure BXAYC must have four of its sides equal. 

What relation must subsist among the angles of the triangle ABC, in 
order that the figure BXAYC may be equilateral ? 

18. ABCD is a cyclic quadrilateral, and the opposite sides AB, DC 
are produced to meet at P, and CB, DA to meet at Q : if the circles 
circumscribed about the triangles PBC, QAB intersect at R, shew that 
the points P, R, Q are collinear. 

19. P, Q, R are the middle points of the aides of a triangle^ and X is 
the foot of ike p^rpendictdar let fall from one vertex on the opposite side : 
siheio thoA the four points P, Q, R, X ors concycUc, 

[See page 64, Ex. 2 : also Prob. 10, p. 83.] 

. 20. Use the preceding exercise to shew that the middle points of the 
sides of a triangle and the feet of the perpendiculars let faU from the 
vertices on the opposite sides, are concydic, 

21. If a series of triangles are drawn standing on a fixed base, and 
having a given vertical angle, shew that the bisectors of the vertical 
angles all pass through a fixed point. 

22. ABC is a triangle inscribed in a circle, and E the middle point 
of the arc subtended by BC on the side remote from A : if through E 
a diameter ED is drawn, shew that the angle DEA is half the difference 
of the angles at B and C. 
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TANGENCY. 
Definitions and First Principles. 

1. A secant of a circle is a straight line of indefinite 
length which cuts the circumference at two points. 

2. If a secant moves in such a way that the two points 
in which it cuts the circle continually approach one another, 
then in the ultimate position when these two points become 
one, the secant becomes a tangent to the circle, and is said to 
touclL it at the point at which the two intersections coincide. 
This point is called the point of contact. 

For instance : 

(i) Let a secant cut the circle at the points 
P and Q, and suppose it to recede from the 
centre, moving always parallel to its original 
position ; then the two points P and Q will 
clearly approach one another and finally coin- 
cide. 

Li the ultimate position when P and Q 
become one point, the straight line becomes a 
tangent to the circle at that point. 



(ii) Let a secant cut the circle at the points 
P and Q, and suppose it to be turned about 
the point P so that while P remains fixed, Q 
moves on the circumference nearer and nearer 
to P. Then the line PQ in its ultimate 
position, when Q coincides with P, is a 
tangent at the point P. 



Since a secant can cut a circle at two points only, it is clear 
that a tangent can have only one point in common with the 
circumference, namely the point of contact, at which two 
points of section coincide. Hence we may define a tangent as 
follows : 

3. A tangent to a circle is a straight line which meets 
the circumference at one point only; and, though produced 
indefinitely does not cut the circumference. 




TANGBNOT. 
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Fig. I. 



Fig. 2. 



Figr.3. 



4. Let two circles intersect (as in Fig. 1) in the points 
P and Q, and let one of the circles turn about the point P, 
which remains fixed, in such a way that Q continually 
approaches P. Then in the ultimate position, when Q coin- 
cides with P (as in Figs. 2 and 3), the circles are said to 
touch one another at P. 

Since two circles cannot intersect in more than two points, 
two circles which touch one another cannot have more than 
one point in common, namely the point of contact at which the 
two points of section coincide. Hence circles are said to touch 
one another when they meet^ but do not cut one another. 

Note. When each of the circles which meet is outside the otJier, aa 
in Fig. 2, they are said to touch one another eztemaUy, or to have 
external contact: when one of the circles is iijithin the other^ as in 
Fig. 3, the first is said to touch the other intenially, or to have 
internal contact with it 



Inference from DEFiNmoNS 2 and 4. 

If in Fig. 1, TQP is a common chord of two circles one 
of which is made to turn about P, then when Q is brought 
into coincidence with P, the line TP passes through two coinci- 
dent points on each circle, as in Figs. 2 and 3, and therefore 
becomes a tangent to each circle. Hence 

Two circles which toudi one another have a common tangent at 
their poird of contact. 
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Theorem 46. 

The tangent at any point of a circle is jperpendicidar to the 
radius drawn to the point of contact. 




Let FT be a tangent at the point P to a circle whose centre 
is 0. 

It is required to prove that PT is perpendicvlar to the radius OP. 

Proof. Take any point Q in PT, and join OQ. 
Then since PT is a tangent, every point in it except P jb 
outside the circle. 

.•. OQ is greater than the radius OP. 

And this is true for every point Q in PT ; 

.'. OP is the shortest distance from O to PT, 

Hence OP is perp. to PT. Theor. 12, Cor. 1. 

Q.E.D. 

Corollary 1. Since there can be only one perpendicular 
to OP at the point P, it follows that one and only one tangent 
can be dravm to a circle at a given point on the circfumference. 

Corollary 2. Since there can be only one perpendicular 
to PT at the point P, it follows that the perpendicular to a 
tangent at its point of contact passes through the centre. 

Corollary 3. Since there can be only one perpendicular 
from O to the line PT, it follows that the radius drawn perpmk' 
dicular to the tangent passes thorough the point of contact. 
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Theorem 46. [By the Method of limits.] 

The tangent at any poml of a circle is perpendicular to the 
radius dravm to the point of contact. 





Fig:. I. Fig:. 2. 

Let P be a point on a circle whose centre is O. 

It is required to prove that the tangent at P is perpendicular to 
the radius OP. 

Let RQPT (Fig. 1) be a secant cutting the circle at Q and P. 
Join OQ, OP. 

Proof. Because OP = OQ, 

.-. the z_OQP = the Z.OPQ; 

.'. the supplements of these angles are equal ; 

that is, the z.OQR«the z_OPT, 

and this is true however near Q is to P. 

Now let the secant QP be turned about the point P so that 
Q continually approaches and finally coincides with P; then 
in the ultimate position, 

(i) the secant RT becomes the tangent at P,l -ci- 9 
(ii) OQ coincides with OP ; / ^^' "' 

and therefore the equal l' OQR, OPT become adjacent, 
.'. OP is perp. to RT. Q.E.D. 

Note. The method of proof employed here is known as the Method 
of UmitB. 
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Theorem 47. 
Two tangents can be dranvn to a circle from am, external point 




Let PQR be a circle whose centre is O, and let T be an 
external point. 

It is required to prove that there can be two tangents drawn, to 
the circle from T, 

Join OT, and let TSO be the circle on OT as diameter. 

This circle \iilJ-'cut the O PQR in two points, since T is 
without, and is within, the O PQR. Let P and Q be these 
points 

JoinTP, TQ; OP, OQ. 

Proof. Now each of the z_'TPO, TQO, being in a semi- 
circle, is a rt. angle ; 

.*. TP, TQ are perp. to the radii OP, OQ respectively. 

,-. TP, TQ are tangents at P and Q. Theor. 46. 

Q.E.D. 

Corollary, The two tangents to a circle from am external 
point are equal, and subtend equal angles at the centre. 

For in the A" TPO, TQO, 

f the z." TPO, TQO are right angles^ 
because \ the hypotenuse TO is common, 
I and OP = OQ, being radii ; 

.-. TP = TQ, 
and the l TOP = the l TOa Theor. 18. 
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EXSROISES ON THE TANGENT. 
[Numerical and Oraphieal.) 

1. Draw two concentric circles with radii 5*0 cm. and 3*0 cm. 
Draw a series of chords of the former to touch the latter. Calcnlate 
and measure their lengths, and account for their being equal 

2. In a circle of radius 1 if draw a number of chords each 1 *6* in 
length. Shew that they all touch a concentric circle, and find its 
radius. 

3. The diameters of two concentric circles are respectively 10*0 cm. 
and 5'0 cm. : find to the nearest millimetre the length of any chord of 
the outer circle which touches the inner, and check your work by 
measurement. 

4. In the figure of Theorem 47, if 0P=6*, 70=13*, find the length 
of the tangents from T. Draw the figure (scale 2 cm. to &*), and 
measure to the nearest degree the angles subtended at O by the 
tangents. 

5. The tangents from T to a circle whose radius is O'T are each 2*4' 
length. Find the distance of T from the centre of the circle. Draw 

the figure and check your result graphically. 



< 



/ 



{TkeoreticcU.) 

6. TJie cenire of any circle which totiches ttoo intersecting straight 
lines nitLSt lie on the bisector of the angle between them, 

7. AB and AC are two tangents to a circle whose centre is O ; shew 
that AO bisects the chord of contact BC at right angles. 

8. If PQ is joined in the figure of Theorem 47, shew that the angle 
PTQ is double the angle OPQ. 

9. Two parallel tangents to a circle intercept on any third tangent 
a segment which subtends a right angle at the centre. 

•^-^lO. The diameter of a circle bisects all chords which are parallel to 
the tangent at either extremity. 

^11. Find the locus of the centres of aU circles which touch a given 
straight line at a given point. 

^ 12. Find the locus of the centres of all circles which touch each of 
two parallel straight lines. 

13. Find the locus of the centres of all circles which touch each of two 
intersecting straight lines of unlimited length, 

14. In any quadrilateral circumscribed about a circle^ the sum of one 
pair of opposite sides is equal to the sum of the other pair. 

State and prove the converse theorem. 

15. If a quadrilateral is described about a circle, the angles sub- 
tended at the centre by any two opposite sides are supplementary. 

R.S.O. M 
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Theorem 48. 

If two circles touch one anothei\ the centres and the paint of 
contact a/re in one straight line. 





Let two circles whose centres are and Q touch at the 
point P. 

It is required to prove that O, P, and Q are in one straight line. 
Join OP, QP. 

Proof. Since the given circles touch at P, they have a 
common tangent at that poipt. Page 173. 

Suppose PT to touch both circles at P. 

Then since OP and QP are radii drawn to the point of 
contact, 

.\ OP and QP are both perp. to PT ; 

.•. OP and QP are in one st. line. Theor. 2. 

That is, the points O, P, and Q are in one st. line. Q.E.D. 



Corollaries, (i) If two circles touch externally the distance 
between their centres is equal to the sum of their radii. 

(ii) If two circles touch internally the distance bettoeen their 
centres is equal to the difference of their radii. 



THE CONTACT OF CIRCLES. l79 

EXERCISES ON THE CONTACT OF CIRCLES. 

{Numerical and Graphical.) 

/ 1 From centres 2*6* apart draw two circles with radii 1*7* and 0'9* 
' respectively. Why and where do these circles touch one another ? 
If circles of the above radii are drawn from centres 0*8" apart, prove 
that they touch. How and why does the contact differ from that in 
the former case 7 

2. Draw a triangle ABC in which a=8 cm., 6=7 cm., and c=6 cm. 
From A, B, and C as centres draw circles of raidii 2*5 cm., 3 '5 cm., and 
4*5 cm. respectively ; and shew that these circles touch in pairs. 

3. In the triangle ABC, right-angled at C, a=8 cm. and 6=6 cm. ; 
and from centre A with radius 7 cm. a circle is drawn. What must be 
the radius of a circle drawn from centre B to touch the first circle ? 

4. A and B are the centres of two fixed circles which touch in- 
ternally. If P is the centre of any circle which touches the larger circle 
internally and the smaller externally, prove that AP+ BP is constant. 

If the fixed circles have radii 6*0 cm. and 3*0 cm. respectively, verify 
the general result by taking different positions for P. 

5. AB is a line 4" in length, and C is its middle point. On AB, 
AC, CB semicircles are described. Shew that if a circle is inscribed in 
the space enclosed by the three semicircles its radius must be §". 

{Theoretical.) 

J %, A straight line ia drawn through the point oj conta>ct of two circles 
whose centres are A and B, cutting the circumferences at P and Q re- 
spectively ; shew tfuU the radii AP and BQ are parallel. 

7. Two circles touch externally, and through the point of contact a 
straight line is drawn terminated by the circumferences : shew that the 
tangents at its extremities are parallel. 

8. Find the locus of the centres of all circles 

jy^ (i) which touch a given circle at a given point ; 

(ii) which are of given radius and touch a given circle. 

9. From a given point as centre describe a circle to touch a given 
circle. How many solutions will there be ? 

10. Describe a circle of radius a to touch a given circle of radius h 
^ a given point. How many solutions will there be ? 
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Theorem 49. [Euclid III. 32.] 

The angles made by a tangent to a circle with a chord dravm 
from the point of contact are respectively equal to the angles in 
ihe aUemate segmerUs of the circle. 




Let EF touch the ABC at B, and let BD be a chord draws 
from B, the point of contact. 

It is required to prove that 

(i) the L FBD = the angle in the alternate segment BAD : 
(ii) the L EBD = the angle in the alternate segment BCD. 

Let BA be the diameter through B, and C any point in the 
arc of the segment which does not contain A. 
Join AD, DC, CB. 

Proof. Because the Z.ADB in a semi-circle is a rt. angle, 

.'. the ^'DBA, BAD together = a rt. angle. 

But since EBF is a tangent, and BA a diameter, 

.'. the L FBA is a rt. angle. 

.". the L FBA = the z." DBA, BAD together. 

Take away the common l DBA, 

then the z. FBD = the l BAD, which is in the alternate segment 

Again because ABCD is a cyclic quadrilateral, 
.-. the L BCD = the supplement of the l BAD 
«= the supplement of the i. FBD 
= the Z.EBD; 
/. the z. EBD » the Z.BCD, which is in the alternate segment. 

Q.E.IX 



ALTERNATE SEGMENT. 
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EXERCISES ON THEOREM 49. 

1. In the figure of Theorem 49, if the L FBD=72°, write down th» 
▼alues of the L> BAD, BCD, EBD. 

2. Use this theorem to shew that tangents to a circle from on 
external point are equal. 

3. Through A, the point of contact of two circles, chords APQ, 
"" AXY are drawn : shew that PX and QY are parallel. 

Prbve this (i) for internal, (ii) for external contact. 

4. AB is the common chord of two circles, one of which passes 
through O, the centre of the other : prove that OA bisects the angle 
between the common chord and the tangent to the first circle at A. 

5. Two circles intersect at A and B ; and through P, any point on 
one of them, straight lines PAC, PBD are drawn to cut the other at O 
and D : shew that CD is parallel to the tangent at P. 

6. If from the point of contact of a tangent to a circle a chord i* 
drawn, the perpendiculars dropped on the tangent and chord from the 
middle point of either arc cnt on by the chord are equal. 



EXERCISES ON THE METHOD OF LIMITS. 

1, PrKim Theorem 49 by the Method of Limits, 

[Let ACB be a segment of a circle of 
which AB is the chord ; and let PAT' be any 
BecarU through A. Join PB. 

Then the L BCA= the L BPA ; 

Thear. 39. 
and this is true however near P approaches 
loA. 

If P moves up to coincidence with A, 
then the secant rAT' becomes the tangent 
AT, and the L BPA becomes the L BAT. 

.-., ultimately, the ^ BAT = the Z.BCA, in 
the alt. segment.] 

31, prove by the 




T" 



2. From Theorem 
Method of Limits that 

The straight line drawn perpendicular to the diameter of a drde at it» 
extremity is a tangent. 

3. Deduce Theorem 48 from the property that tJie line of centres 
^^isects a common chord cU right angles. 

4. Deduce Theorem 49 from Ex. 6, page 163. 

5. Deduce Theorem 46 from Theorem 41. 
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PROBLEMS. 

GEOMETRICAL ANALYSIS. 

Hitherto the Propositions of this text-book have been 
arranged Synthetically, that is to say, by building up hnown 
results in order to obtain a new result. 

But this arrangement, though convincing as an argument, 
in most cases affords little clue as to the way in which the 
construction or proof was discovered. We therefore draw the 
student's attention to the following hints. 

In attempting to solve a problem begin by assuming the 
required result ; then by working backwards, trace the conse- 
quences of the assumption, and try to ascertain its dependence 
on some condition or known theorem which suggests the 
necessary construction. If this attempt is successful, the 
steps of the argument may in general be re-arranged in 
reverse order, and the construction and proof presented in a 
synthetic form. 

This unravelling of the conditions of a proposition in order 
to trace it back to some earlier principle on which it depends, 
is called geometrical analysis : it is the natural way of attack- 
ing the harder types of exercises, and it is especially useful in 
solving problems. 

Although the above directions do not amount to a method, 
they often furnish a very effective mode of searching for a 
suggestion. The approach by analysis will be illustrated in 
some of the following problems. [See Problems 23, 28, 29.] 



PBOBLEMS ON CIRCLES. 
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Problem 20. 

Oiven a circle^ or an arc of a drcU^ to find Us centre. 

Let ABC be an arc of a circle 
whose centre is to be found. 

Construction. Take two chords 
AB, BC, and bisect them at right 
angles by the lines DE, FG, meeting 
at O. Prob. 2. 

Then O is the required centre. 

Proof. Every point in DE is equi- 
distant from A and B. Frob, 14. >^ 

And every point in FG is equidistant from B and C. 
.'. O is equidistant from A, B, and C. 
.'. O is the centre of the circle ABC. Theor. 33» 




Problem 21. 

To bisect a given arc. 

Let ADB be the given ar^ to be bisected. 

Construction. Join AB, and bisect it at 
right angles by CD meeting the arc at D. 

Prok 2. 
Then the arc is bisected at D. 

Proof. Join DA, DB. 



p 



)( 



Then every point on CD is equidistant from A and B ; 

Prob. 14. 
.-. DA=DB; _ 

. • . the /. DBA = the z. DAB ; Theorem\ '^ 

;. the arcs, which subtend these angles at the O**, are equal; 
that is, the arc DA = the arc DB. 
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Problem 22. 
To draw a Umgmt to a circle from a given exterruU pom. 




Let PQR be the given circle, with its centre at O ; and let T 
be the point from which a tangent is to be drawn. 

Gonstmction. Join TO, and on it describe a semi-circle TPO 
to cut the circle at P. 

Join TP. 
Then TP is the required tangent. 

Proof. Join OP. 

Then since the lTPO, being in a semi-circle, is a rt. angle, 
.\ TP is at right angles to the radius OP. 

.-. TP is a tangent at P. Theor, 46. 

Since the semi-circle may be described on either side of TO, 
a second tangent TQ can be drawn from T, as shewn in the 
figure. 

Note. Sappose the point T to approach the given circle, then the 
angle PTQgradually increases. When T reaches the circumference, 
the anffle PtQ becomes a straight angle, and the two tangents coincide. 
When T enters the circle, no tangent can be drawn. [See Oha. p. 94.] 
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Problem 23. 
To draw a common tang&ni to two circles. 




Let A be the centre of the greater circle, and a its radius ; 
and let B be the centre of the smaller circle, and b its radius. 

Analysis. Suppose DE to touch the circles at D and E. 
Then the radu AD, BE are both perp. to DE, and therefore 
par* to one another. 

Now if BC were drawn par* to DE, then the fig. DB would 
be a rectangle, so that CD = BE = b. 

And if AD, BE are on the saTne side of AB, 

then AC = a - 5, and the z. ACB is a rt. angle. 

These hints enable us to draw BC firsts and thus lead to the 
following construction. 

Constmction. With centre A, and radius equal to the 
difference of the radii of the given circles, describe a circle, 
and draw BC to touch it. 

Join AC, and produce it to meet the circle (A) at D. 
Through B draw the radius BE par^ to AD and in the sams 
sense. Join DE. 

Then DE is a common tangent to the given circles. 

Obs. Since two tangents, such as BC, can in general be 
drawn from B to the cuxjle of construction, this method will 
furnish two common tangents to the given circles. These are 
called the direct common tangents. 
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Problem 23. (Continued.) 




Again, if the circles are external to one another two more 
common tangents may be drawn. 

Analysis. In this case we may suppose DE to touch the 
circles at D and E so that the radii AD, BE tail on opposite sides 
ofAB. 

Then BC, drawn par* to the supposed common tangent DE, 
would meet AD produced at C ; ana we should now have 

AC = AD + DC = a + 6 ; and, as before, the l ACB is a rt. angle. 

Hence the following construction. 

Construction. With centre A, and radius equal to the sum 
of the radii of the given circles, describe a circle, and draw 
BC to touch it. 

Then proceed as in the first case, but draw BE in the sense 
opposite to AD. 

Obs. As before, two tangents may be drawn from B to the 
circle of construction; hence two common tangents may be 
thus drawn to the given circles. These are called the 
tiansverse common tangents. 

[We leave as an exercise to the student the arrangement of the proof 
in synthetic form.] 
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EXERCISES ON COMMON TANGENTS. 
{Numericcd and Graphical.) 

1. How many common tangents can be drawn in each of the 
following cases? 

(i) when the given circles intersect ; 

(ii) when they have external contact ; 

(iU) when they have internal contact. 

Illustrate your answer by drawing two circles of radii 1 '4" and 1 '(f 
respectively, 

(i) with 1 'Qf' between the centres ; 
(ii) with 2 4" between the centres ; 
(iii) with 0-4" between the centres ; 
(iv) with 3'0" between the centres. 

Draw the common tangents in each case, and note where the general 
construction fails, or is modified. 

2. Draw two circles with radii 2-0" and 0*8", placing their centres 
2'(y' apart. Draw the common tangents, and find their lengths between 
the points of contact, both by calculation and by measurement. 

v^^ 3. Draw all the common tangents to two circles whose centres are 
1 '8" apart and whose radii are 0*6" and 1 -2" respectively. Calculate and 
measure the length of the direct common tangents. 

4. Two circles of radii 1-7" and l'0"have their centres 2*1" apart. 
Draw their common tangents and find their lengths. Also find the 
length of the common chord. Produce the common chord and shew 
by measurement that it bisects the common tangents. 

Q^/'^ 5. Draw two circles with radii 1*6" and 0*8" and with their centres 
3*(r apart. Draw all their common tangents. 

^ 6. Draw the direct common tangents to two equal circles. 

{Theoretical.) 

7. If the two direct, or the two transverse, common tangents are 
drawn to two circles, the parts of the tangents intercepted between the 
points of contact are equal. 

8. If four common tangents are drawn to two circles external to 
one another, shew that the two direct, and also the two transverse, 
tangents intersect on the line of centres. 

^ 9. Two given circles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q : shew that PQ subtends a 
right angle at the point A. 
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On the Construction of Circles. 

In order to draw a circle we must know (i) the position of 
the centre, (ii) the length of the radius. 

(i) To find the position of the centre, two conditions are 
needed, each giving a locus on which the centre must lie ; so 
that the one or more points in which the two loci intersect 
are possible positions of the required centre, as explained on 
page 93. 

(ii) The position of the centre being thus fixed, the radius 
is determined if we know (or can find) any point on the 
circumference. 

Hence in order to draw a circle three independent data are 
required. 

For example, we may draw a circle if we are given 
(i) three points on the circumference ; 
cr (ii) three tangent lines ; 

or (iii) one point on the circumference, one tangent, and its point 
of contact. 

It will however often happen that more than one circle can be drawn 
satisfying three given conditions. 

Before attempting the constructions of the next Exercise the 
student should make himself familiar with the following loci. 

(i) The locus of the centres of circles which puss through two 
given points. 

(ii) The locfos of the centres of circles which touch a given straight 
line at a given point, 

(iii) The locus of the centres of circles which touch a given circle 
at a given point. 

(iv) The locus of the centres of circles which touch a given straight 
line, and have a given radius. 

(v) The locus of the centres of circles which touch a given circle, 
am ham a given radius. 

(vi) The locus of the centres of circles which touch two given 
straight lines. 



THE CJONSTRUCnON OF CIRCLES. 189 

EXERCISES. 

^ 1. Draw a circle to pass through three given points. 

2. If a circle touches a given line PQ at a point A, on what line 
^must its centre lie ? 

If a circle passes through two given points A and B, on what line 
must its centre lie ? 

Hence draw a circle to touch a straight line PQ at the point A, and 
to pass through another given point B. 

^ ' 3. If a circle touches a given circle whose centre is C at the point A, 
on what line must its centre lie ? 

Draw a circle to touch the given circle (C) at the point A, and to pass 
through a given point B. 

4. A point P is 4*5 cm. distant from a straight line AB. Draw two 
circles of radius 3*2 cm. to pass through P and to touch AB. 

/ 5. Given two circles of radius 3*0 cm. and 2*0 cm. respectively, 
y their centres being 6*0 cm. apart ; draw a circle of radius 3*5 cm. to 
*-^Niouch each of the given circles externally. 

How many solutions will there be? What is the radius of the 
smallest circle that touches each of the given circles externally ? 

^/ 6. If a circle touches two straight lines OA, OB^ on what line must 
its centre lie ? 

Draw OA, OB, making an angle of 76°, and describe a circle of radios 
1 *2'' to touch both lines. 

7. Given a circle of radius 3*5 cm., with its centre 5*0 cm. from a 
given straight line AB ; draw two circles of radius 2*5 cm. to touch the 
giv^n circle and the line AB. 

v'^ 8. Devise a construction for drawing a circle to touch each of two 
parallel straight lines and a transversal. 

Shew that two such circles can be drawn, and that they are equaL 

9. Describe a circle to touch a given circle, and also to touch a 
given straight line at a given point. [See page 311.] 

10. Describe a circle to touch a given straight line, and to touch a 
given circle at a given point. 

11. Shew how to draw a circle to touch each of three given straight 
lines of which no two are parallel. 

How many such circles can be drawn ? 

[Further Examples on the (Construction of Circles will be found on 
pp. 246, 311.] 



^ 
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Problem 24. 

On a given straight line to describe a segment of a circle which 
shall contain an angle equal to a given angle. 





Let AB be the given st. line, and C the given angle. 

It is required to deserve on AB a segment of a circle containing 
(m angle equal to C. 

Construction. At A in BA, make the l BAD equal to the l C. 
From A draw AG perp. to AD. 
Bisect AB at rt. angles by FG, meeting AG in G. Prob, 2 

Proof. Join GB. 

Now every point in FG is equidistant from A and B ; 

Frob. 14. 
.-. GA = GB. 

With centre G, and radius GA, draw a circle, which must 
pass through B, and touch AD at A. Theor, 46. 

Then the segment AHB, alternate to the Z-BAD, contains an 
angle equal to C. Thear, 49. 



Note. In the particular case when the given angle is a rt. angle, the 
segment required will be the semi-circle on AB as diameter. [Theorem 41 . ] 
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Corollary. To cut off from a given circle a segment containing 
a given cmgle, it is enough to draw a tangent to the circUy and from 
the point of contact to draw a chord making with the tangent an 
angle equal to the given angle. 

It was proved on page 161 that 

^. ^he locus of the vertices of triangles which stand en the same base 

f" ^nd have a given vertical angle, is the arc of the segment standing 
%n this base, and containing am, angle equal to the given angle. 

The following Problems are derived from this result by the 
Method of Intersection of Loci [page 93 J. 



EXERCISES. 



// 



\ 



1. Describe a triangle on a given base having a given vertical angle \ j 
and having its vertex on a given straigkt line. \ ' 

I ': 

2. Construct a triangle having given the base, the vertical angle, and \ 

(i) one other side, ': 

(ii) the altitude, 

(iii) the length of the median which bisects the base. 

(iv) the foot of the perpendicular from the vertex to the base. 

3. Construct a triangle having given the base, the vertical angle, and 
the point at which the base is ctU by the bisector of the vertical angle. 

[Let AB be the base, X the given point in it, and K the given angle. 
On AB describe a segment of a circle containing an angle equal to K ; 
complete the O** by drawing the arc APB. Bisect the arc APB at P : 
join PX, and produce it to meet the O** at C. Then ABC is the 
required triangle.] 

4. Construct a triangle having given the base, the vertical angle, and 
the sum of the remaining sides. 

[Let AB be the given base, K the given angle, and H a line equal to 
the sum of the sides. On AB describe a segment containing an angle 
equal to K, also another segment containing an angle equal to half the 
L K. With centre A, and radius H, describe a circle cutting the arc of 
the latter segment at X and Y. Join AX (or AY) cutting the arc of the 
first segment at C. Then ABC is the required triangle.] 

5. Construct a triangle having given the base, the vertical angle, and 
the difference of the remaining sides. 
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CIRCLES IN RELATION TO RECTILINEAL FIGURES 



Definitions. 

1. A Polygon ia a rectilineal figure bounded by more than 
four sides. 

A Polygon of five sides is called a Pentagon, 

„ six sides „ Hexagon, 

,, seven sides „ Heptagon, 

„ eight sides „ Octagon, • 

„ ten sides „ Decagon, 

„ twelve sides ,, Dodecagon, 

„ fifteen ^i<dLe& „ Qnindecagon. 

2. A Polygon is Begular when all its sides are equal, and 
all its angles are equal. 

3. A rectilineal figure is said to be in- 
scribed in a circle, when all its angular points 
are on the circumference of the circle ; and a 
circle is said to be circumscribed about a recti- 
lineal figure, when the circumference of the 
circle passes through all the angular points of 
the figure. 

4. A circle is said to be inscribed in a 
rectilineal figure, when the circumference of 
the circle is touched by each side of the figure ; 
and a rectilineal figure is said to be circum- 
scribed about a circle, when each side of the 
figure is a tangent to the circle. 





PROBLEMS ON TRUNGLES AND CIRCLES. 
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Problem 25. ^ 
To circumscribe a circle about a given triangle. 





Let ABC be the triangle, about which a circle is to be 
drawn. 

Gonstruction. Bisect AB and AC at rt. angles by D8 and 
ES, meeting at 8. Prob. 2. 

Then S is the centre of the required circle. 

Proof. Now every point in DS is equidistant from A 
and B; Prob. U. 

and every point in ES is equidistant from A and C ; 
.*. 8 is equidistant from A, B, and C. 
With centre 8, and radius SA describe a circle; this will 
pass through B and C, and is, therefore, the required circum- 
circle. 



Obs, It will be found that if the given triangle is acute- 
angled, the centre of the circum-circle falls within it: if it 
is a right-angled triangle, the centre falls on the hypotenuse : 
if it is an obtuse-angled triangle, the centre falls without the 
triangle. 

Note. From page d4 it is seen that if 8 is joined to the middle 
point of BC, then the joining line is perpendicular to BC. 
I Hence the perpendiculars drawn to the aides of a triangle from their 
J middle points are concurrent, the point of intersection being the centre 
i of the circle circumscribed ahout the triangle. 

' H.S.O. M 
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Problem 26. 
To inscribe a cirde in a given triangle. 

A 



Let ABC be the triangle, in which a circle is to be inscribed. 

Gonstniction. Bisect the z.'ABC, ACB by the st. lines Bl, 
CI, which intersect at I. Frob. 1. 

Then I is the centre of the required circle. 

Proof. From I draw ID, IE, IF perp. to BC, CA, AB. 

Then every point in Bl is equidistant from BC, BA; Prob. 15. 

.-. ID = IF. 

And every point in CI is equidistant from CB, CA ; 

.-. ID«IE. 

.'. ID, IE, IF are all equal. 

With centre I and radius ID draw a circle ; 

this will pass through the points E and F. 

Also the circle will touch the sides BC, CA, AB, 

because the angles at D, E, F are right angles. 

.-. the O DEF is inscribed in the A ABC. 

Note. From II., p. 96 it is seen that if Al is joined, then Al bisects 
the angle BAC : hence it follows that 

' The bisectors of the angles of a triangle are concvrrenty the point of 
, intersection being the centre of the inscribed circle. 

Definition. 

A circle which touches one side of a triangle and the other 
two sides produced is called an escribed circle of the triangle. 



problems on triangles and circles. 

Problem 27. ^ 
To draw cm emibed drcU of a given piwngle. 
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Clj which intersect at 1^. 



Let ABC be the given triangle of which the sides AB, AC are 
produced to D and E. 

li is required to describe a circle touching BC, and A6, AC 
produced. 

Conftmction. Bisect the L' CBD, BCE by the st lines Bl|, 

Then 1^ is the centre of the required circle. 
Proof. From Ij draw I^F, \fi, I^H perp. to AD, BC, AE. 
Then every point in B\^ is equidistant from BD, BC; Frob. 15 

Similarly ljG = ljH. 

.'. I^F, IjQ, I^H are all equal. 

With centre l^ and radius IjF describe a circle ; 

this will pass through the points G and H. 

Also the circle will touch AD, BC, and AE, 

because the angles at F, G, H are rt. angles. 

.'. the FGH is an escribed circle of the A ABC. 

Note I. It is clear that every triangle has three escribed circles. 
* Their centres are known as the MXrCnxtjcea. 

NoTB 2. It may be shewn, as in 11., page 96, that if Al^ is joined, 
• then Alj bisects the angle BAC : hence it follows that 

The ^isectora of two exterior aiiglea of a triangle and the bisector of the 
^ third angle are conourrmtp the point (f interseetion being the centre of an 
escribed circle* 



Ui^^y^r ^ ^ Cl^ /vw A-^^^ a,ys^ / 
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Problem 28. 

In a given circle to inscribe a triangle eguicmguiar to a given 
triangle. 



D 

A 




Let ABC be the given circle, and DEF the given triangla 

Analysis. A A ABC, equiangular to the A DEF, is inscribed 
in the circle, if from any point A on the O** two chords AS, AC 
can be so placed that, on joining BC, the Z-B = the Z-E, and 
the Z-C = the z. F ; for then the z. A = the Z- D. Theor. 16. 

Now the L B, in the segment ABC, suggests the equal angle 
between the chord AC and the tangent at its extremity 
(Theor. 49.) ; so that, if at A we draw the tangent GAH, 
then the L HAC = the z. E ; 
and similarly, the L GAB = the L F. 

Reversing these steps, we have the following construction. 

Construction. At any point A on the O** of the 0ABC 
draw the tangent GAH. Prob. 22. 

At A make the l GAB equal to the l F, 

and make the z. HAC equal to the Z- E. 

J oin BC. 

Then ABC is the required triangle. 



NoTB. In drawing the figure on a larger scale the student should 
shew the construction lines for the tangent GAH and for the angles 
GAB, HAC A similar remark applies to the next Problem. 
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Problem 29. 

AbauU a given circle to eircumseribe a triangle eguiangtUar to 
a given triangle. 




D 



F H 
M B N 

Let ABC be the given circle, and DEF the given triangle. 

Analsrsis. Suppose LMN to be a circumscribed triangle in 
which the z. M = the l E, the z. N = the L F, and consequently, 
the 2LL = thez-D. 

Let us consider the radii KA, KB, KC, drawn to the points of 
contact of the sides; for the tangents LM, MN, NL could be 
drawn if we knew the relative positions of KA, KB, KC, that is, 
if we knew the l' BKA, BKC. 

Now from the quad^ BKAM, since the L* B and A are rt. l\ 
thez.BKA=180'-IVI = 180"-E; r i^JrE]), 

similarly - the z. BKC = 180* - N = 180" - F. » Z^ H F T^ . 

Hence we have the following construction. 

Oonstniction. Produce EF both ways to G and H. 

Find K the centre of the OABC, 

and draw any radius KB. 

At K make the l BKA equal to the L DEG ; 

and make the l BKC equal to the l DFH. 

Through A, B, C draw LM, MN, NL perp. to KA, KB, KC. 
Then LMN is the required triangle. 

[The student should now arrange the proof synthetically.] 

:.!.'3 r .■ .■ . /y: 



198 GEOMSTTRT. 

EXERCISES. 

On Cibclss aki> Tbiakoles. 

{Xnaeriptiona and Oircumseripiions.) 

.. 1. In a circle of radius 5 cm. inscribe an equilateral triangle ; and 
about the same circle circumscribe a second equilateral triangle. In 
each case state and justify your construction. 

2. Draw an equilateral triangle on a side of 8 cm., and find by 
calculation and measurement (to the nearest millimetre) the radii of the 
inscribed, circumscribed, and escribed circles. 

Explain why the second and third radii are respectively double ajid 
treble of the first. 

3. Draw triangles from the following data : 

(i) a=2-5", B=6r, C=5(r; 
(ii) a=2-6", B=2 72^ 0=44"; 
(iii) a=2-5", B=x4r, C-23°. 

Circumscribe a circle about each triangle, and measure the radii to 
the nearest hundredth of an inch. Account for the three results being 
the same, by comparing the vertical angles. 

4 In a circle of radius 4 cm. inscribe an equilateral triangle. 
Calculate the length of its side to the nearest millimetre ; and verify by 
measurement. 

Find the area of the inscribed equilateral triangle, and shew that it 
is one quarter of the circumscribed equilateral triangle. 

5. In the triangle ABC, if I is the centre, and r the length of the 
radius of the in-circle, shew that 

AIBC=iar; AICA=i6r; A IABa=Jer. 
Hence prove that A ABC — \{a-^h->rc)r. 
Verify this formula by measurements for a triangle whose sides are 
9 cm., 8 cm., and 7 cm. 

6. If T^ is the radius of the ex-circle opposite to A, prove that 

AABC=i(6 + c-a)ri. 
If a=5 cm., 6=4 cm., c=3 cm., verify this result by measurement. 

7. Find by measurement the circum-radius of the triangle ABC in 
which a=6"3cm., 6=3*0 cm., and c=5'l cm. 

Draw and measure the perpendiculars from A, B, C to the opposite 
sides. If their lengths are represented by jOj, jOj* Ps* verify the following 
statement : 

,. he ca ab 
curcum-radius = „— = s— = s— 
2pi 2pj 2p, 
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EXERCISBS. 

On OmGLBS and Sqvabbs. 

{Inscriptions and Circumscriptions.) 

1. Draw a circle of radios 1 '5*, and find a constmction for inscribing 
a square in it. 

Calculate the length of the side to the nearest hundredth of an inch, 
and verify by measurement. 

Find the area of the inscribed square. 

2. Circumscribe a square about a circle of radios 1 '5^ shewing all 
lines of construction. 

Prove that the area of the square circumscribed about a circle is 
double that of the inscribed square. 

3. Draw a square on a side of 7*5 cm., and state a construction for 
inscribing a circle in it. 

Justify your construction by considerations of symmetry. 

4. Circumscribe a circle about a square whose side is 6 cm. 
Measure the diameter to the nearest millimetre, and test your 

drawing by calculation. 

^v^. In a circle of radius 1 '8" inscribe a rectangle of which one side 
measures 3'(X^ Find the approximate length of the other side. 

Of all rectangles inscribed in the circle shew that the square has the 
greatest area. 

6. A square and an equilateral triangle are inscribed in a circle. 
If a and h denote the lengths of their sides, shew that 

3a«=26«. 

^ 7. ABOD is a square inscribed in a circle, and P is any point on the 
arc AD : shew that the side AD subtends at P an angle three times as 
great as that subtended at P by any one of the other sides. 

{Problems. State yowr constrmtion^ and give a theoretical proof.) 

f^ 8. Circumscribe a rhombus about a given circle. 

V. 9. Inscribe a square in a given square ABOD, so that one of its 
angular points shall be at a given point X in AB. 

10. In a given square inscribe the square of minimum area. 

11. Describe (i) a circle, (ii) a square about a given rectangle. 

12. Inscribe (i) a circle, (ii) a square in a given quadrant. 
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on circles and regular polygons. 

Problem 30. 
To draw a regular polygon (i) in (ii) about a given circle. 

Let AB, BC, CD, ... be consecutive ^^^-N.^^ 

sides of a regular polygon inscribed in y'^'^ /^S^ 
a circle whose centre is O. / / ^^> * 

Then AOB, BOO, COD, ...are con- ( o/-— --NIc 

gruent isoSbeles triangles. And if I /\ "/j 

the polygon has n sides, each of the . V /^\ /yA 

Z-' AOB, BOC, COD, ...» — . ^ ^cl'^lv ^^^^' 

(i) Thus to inscribe a polygon of n sides in a given circle, 
draw an angle AOB at the centre equal to . This gives 

the length of a side AB; and chords equal to AB may now be 
set off round the circumference. The resulting figure will 
clearly be equilateral and equiangular. 

(ii) To circumscribe a polygon of n sides about the circle, 
the points A, B, C, D, ... must be determined as before, and 
tangents drawn to the circle at these points. The resulting 
figure may readily be proved equilateral and equiangular. 

Note. This method gives a strict geometrical construction only when 

360° 
the angle can be drawn with ruler and compasses. 

exercises. 

1. Give strict constructions for inscribing in a circle (radius 4 cm.) 
(i) a regular hexagon ; (ii) a regular octagon ; (iii) a regular dodecagon. 

2. About a circle of radius 1 '5" circumscribe 

^ (i) a regular hexagon ; (ii) a regular octagon. 

Test the constructions by measurement, and justify them by proof. 

3. An equilateral triangle ancl a regular hexagon are inscribed in a 
given circle, and a and h denote the lengths of their sides : prove that 

(i) area of triangle = ^ (area of hexagon) ; (ii) a^=Sb^. 

4. By means of your protractor inscribe a regular heptagon in a 
circle of radius 2". Calculate and measure one of its angles ; and 
measure the length of a side. 
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Problem 31. 
To draw a circle (i) in (ii) about a regular polygon. 



Let AB, BC, CD, DE, ... be con- 
secutive sides of a regular polygon 
of n sid 



Bisect the z_'ABC, BCD by BO, aL 
CO meeting at O. V 

Then O is the centre both of the 
inscribed and circumscribed circle. 



Outline of Proofl Join OD; and from the congruent 
A"OCB, OCD, shew that OD bisects the Z.CDE. Hence we 
conclude that 

All the bisectors of the angles of the polygon meet at O. 

(i) Prove that OB = OC = OD = . . . ; from Theorem 6. 
Hence O is the circum-centre. 

(ii) Draw OP, OQ, OR, ... perp. to AB, BC, CD, ... . 

Prove that OP = OQ = OR = ... ; from the congruent A'OBP, 

'"* ' Hence O is the in-centre. 



EXERCISES. 

1. Draw a regular hexagon on a side of 2*0^'. Draw the inscribed 
and circumscribed circles. Calculate and measure, their diameters to 
the nearest hundredth of an inch. 

2. Shew that the area of a regular hexagon inscribed in a circle is 
three-fourthc of that of the circumscribed hexagon. 

Find the area of a hexagon inscribed in a circle of radius 10 cm. to 
the nearest tenth of a sq. cm. 

3. If ABC is an isosceles triangle inscribed in a circle, having each 
of the angles B and C double of the ansle A ; shew that BC is a side of 
a regular pentagon inscribed in the circle. 

4. On a side of 4 cm. construct (without protractor) 

(i) a regular hexagon ; (ii) a regular octagon. 
In each case find the approximate area of the figure. 
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THE CIRCUMFERENCE OF A CIRCLE. 

By experiment and measurement it is found that the length 
of the circumference of a circle is roughly 3^ times the length of 
its diameter : that is to say 

circumference ^^^ , 
diameter ~ ^ ^' 

and it can he proved that this is the same for all circles. 

A more correct value of this ratio is found by theory to be 
3*1416 ; while correct to 7 places of decimals it is 3*1415926. 
Thus the value 3| (or 3'14:^8) is too great, and correct to 2 
places only. 

The ratio which the circumference of any circle bears to its 
diameter is denoted by the Greek letter ir ; so that 
circumference = diameter x tt. 
Or, if r denotes the radius of the circle, 

circumference = 2r x tt =* 27rr ; 
where to ir we are to give one of the values 3^, 3*1416, or 
3*1415926, according to tho degree of accuracy required in 
the final result. 

Note. The theoretical methods by which x is evaluated to any 
required degree of accuracy cannot be explained at this stage, but its 
talue may be easily verified by experiment to two decimal places. 

For example : round a cylinder wrap a strip of paper so that the 
ends overlap. At any point in the overlapping area prick a pin 
through both folds. Unwrap and straighten the strip, then measure 
'the distance between the pin holes : this gives the length of the circum- 
ference. Measure the diameter, and divide the first result by the second. 



Ex. 1. From these data 
find and record the value 

of TT. 

Find the mean of the 
three results. 



Ex. 2. A fine thread is wound evenly round a cylinder, and it is 
found that the length required for 20 complete turns is 75*4". The 
diameter of the cylinder is 1 '2f' ; find roughly the value of w. 

Ex. 3. A bicycle wheel, 28" in diameter, makes 400 revolutions 
in travelling over 977 yards. From this result estimate the value of x. 



GiRCXTMrERENOE. 


DlAXETER. 


Value of w. 


16 cm. 
8*8" 
13-5" 


5*1 cm. 

2*8" 

4-3" 
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THE AREA OP A CIRCLE. 

Let AB be a side of a polygon of 
n sides circumscribed about a circle 
whose centre is O and radius r. Then 
we have 

Area of polygon 
= 7i.AA0B 
= n . ^AB X OD 
= ^ . wAB X r 

= ^(perimeter of polygon) xr; 
and this is true however many sides the polygon may have. 

Now if the number of sides is increased without limit, the 
perimeter and area of the polygon may be made to differ from 
the circumference and area of the circle by quantities smaller 
than any that can be named ; hence ultimately 
Area of circle = ^ . circv/mference x r 
~ ^ . 27rr X r 
^irrK 




ALTERNATIVE METHOD. 





Suppose the circle divided into any even number of sectors having 
equal central angles : denote the number of sectors by n. 

Let the sectors be placed side by side as represented in the diagram ; 
then the area of the circle^ the area of the fig. ABCD ; 

and this is true however great n may be. 

Now as the number of sectors is increased, each arc is decreased : 
so that (i) the outlines AB, CD tend to become straight, and 
(ii) the angles at D and B tend to become rt. angles. 
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Thus when n is increased withoat limit, the fig. ABCD ultimately 
becomes a rectangle^ whose length is the semi-circumference of the circle, 
and whose breadth is its radius, 

:. A rea of circle = J . circumference x rcuiiua 
=J.2Trxr=Tr*. 



THE AREA OF A SECTOR. 



If two radii of a circle make an angle of 1', they cut off 
(i) an arc whose length = ^^^ of the circumference ; 
and (ii) a sector whose area = ^^ of the circle; 

.-.if the angle AOB contains D degrees, then 

(i) the arc AB = ^^ of the circumference ; 

(ii) the sector AOB = ^^ of the area of the Circle 

= ^^ of {\ circmnference x radius) 
=^ . arc AB x radius. 



THE AREA OF A SEGMENT. 

The area of a minor segment is found by subtracting from 
the corresponding sector the area of the triangle formed by 
the chord and the radii. Thus 

Area of segment ABC = sector OACB - triangle AOB. 

The area of a major segment is most simply found by 
subtracting the area of the corresponding minor segment from 
the area of the circle. 
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EXERCISES. 

[In each aue choose the valtu of n so as to give a result of the assigned 
degree of accuracy. ] 

1. Find to the nearest millimetre the circumferences of the circles 
"whose radii are (i) 4*5 cm. (ii) 100 cm. 

2. Find to the nearest hundredth of a square inch the areas of the 
circles whose radii are (i) 2'df'. (ii) 10 '6^ 

3. Find to two places of decimals the circumference and area of a 
circle inscribed in a square whose side is 3*6 cm. 

4. In a circle of radius 7 "0 cm. a square is described : find to the 
nearest square centimetre the difference between the areas of the circle 
and the square. 

5. Find to the nearest hundredth of a square inch the area of the 
circular ring formed by two concentric circles whose radii are 5*7" and 
4-3". 

6. Shew that the area of a ring lying between the circumferences of 
two concentric circles is equal to the area of a circle whose radius is 
the length of a tangent to the inner circle from any point on the outer. 

7. A rectangle whose sides are 8*0 cm. and 6*0 cm. is inscribed in a 
circle. Calculate to the nearest tenth of a square centimetre the total 
area of the four segments outside the rectangle. 

8. Find to the nearest tenth of an inch the side of a square whose 
area is equal to that of a circle of radius 5". 

9. A circular ring is formed by the circumference of two concentric 
circles. The area of the ring is 22 square inches, and its width is 1 '0" ; 
taking v as ^, find approximately the radii of the two circles. 

10. Find to the nearest hundredth of a square inch the difference 
between the areas of the circumscribed and inscribed circles of an 
equilateral triangle each of whose sides is 4", 

11. Draw on squared paper two circles whose centres are at the 
points (1*5", 0) and (0, '8 ), and whose radii are respectively "7" and 
1 "0". Prove that the circles touch one another, and find approximately 
their circumferences and areas. 

12. Draw a circle of radius 1*0" having the point (1*6", 1'2") as 
centre. Also draw two circles with the origin as centre and of radii 
1*0" and 3*0" respectively. Shew that each of the last two circles 
touches the first. 
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EXERCISES. 



On the Insobibbd, Cibcijmsobibed, Am> Escribbd Circles of k 
Tbianolb. 

{Theoretical,) 

1. Describe a circle to touch two parallel straight lines and a third 
straight line which meets them. Shew that two such circles can be 
drawn, and that they are equal. 

ySy 2. Triangles which have eqval bases and equal vertical angles have 
f eqval circumscribed circles, 

* 3. ABC is a triangle, and I, 8 are the centres of the inscribed and 
circumscribed circles ; if A, I, 8 are coUinear, shew that AB=AC. 

4. The sum of the diameters of the inscribed and circumBcribad 
circles of a right-angled triangle is equal to the sum of the sides con* 
taining the right angle. 

/\ 6. If the circle inscribed in the triangle ABC touches the sides 
'^ at D, E, F ; shew that the angles of the triangle DEF are respectivelj 

90-^, 90-|, 90-^ 

8. If I is the centre of the circle inscribed in the triangle ABC. 
and li the centre of the escribed circle which touches BC ; shew that 
I, B, li, C are concyclic. 

7. In any triangle the di&rence of two sides is equal to the 
* difference of the segments into which the third side is divided at the 

point of contact of the' inscribed circle. 

8. In the triangle ABC, I and S are the centres of the inscribed and 
circumscribed circles : shew that 18 subtends at A an angle equal to 
half the difference of the angles at the bsuse of the triangle. 

Hence shew that if AO is drawn perpendicular to BC, then Al is the 
bisector of the angle DA8. 

9. The diagonals of a quadrilateral ABCD intersect at O : shew 
that the centres of the circles circumscribed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a parallelogram. 

10. In any triangle ABC, if I is the centre of the inscribed circle, 
and if Al is produced to meet the circumscribed circle a>t O ; shew thai 
O is the centre of the circle circumscribed about the triangle BIC. 

IL Given the base, altitude, and the radius of the circumscribed 
circle ; construct the triangle. 

12. Three circles whose centres are A, B, C touch one another 
externally two by two at D, E, F : shew that the inseribsd circle of 
the triangle ABC is the circumscribed circle of the triangle DEF. 
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THEOEEMS AND EXAMPLES ON CIRCLES AND 
TRIANGLES. 

THE ORTHOCENTRE OF A TRIANGLE. 

L The perpendiculara draum from the, vertices oj a triangle to the 
opposite sides are concurrent. 

In the A ABC, let AD, BE be the 
perp' drawn from A and B to the opposite 
sides ; and let them intersect at O. 

Join CO ; and produce it to meet AB at 

It is required to shew thai CF is perp, 
to AB. 

Join DE. ^ ^ ^ 

B D C r~ 

Then, because the L'OEC, ODC are rt. c? ' . "'^. 

angles, "^ ^c'' 

.'. the points O, E, C, D are coney clic : 

.*. the Z. DEC = the Z. DOC, in the same segment; 

= the vert. opp. Z-FOA. ^ ^ 

Again, because the /.'AEB, ADB are rt. angles, ^ J^rV..*-.--^ ^ 
.*. the points A, E, D, B are coney die : p ^ 

.*. the Z. DEB = the Z.DAB, in the same segment. 

/. the sum of the L* FOA, FAO = the sum of the Z.« DEC, DEB 

=a rt. angle: 
.'. the remainmg Z-AFO=a rt. angle : Theor, IS. 

that is, CF is perp. to AB. 

Hence the three perp AD, BE, CF meet at the point 0. 

Q.B.1>. 

Definitions. 

(i) The intersection of the perpendiculars dra^ from the 
vertices of a triangle to the opposite sides is Wled its/\ 
orthocentre. 

(li) The triangle formed by joining the feet of the perpen* 
diculars is called the pedal or orthocentric triangle. 



(hoc - 
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n. /n an dctUe-angled triangle the perpendiculars drawn from thA 
vertices to the opposite, sides bisect the angles of the pedal triangle thraugh 
which they pass. 

In the acute-angled A ABC, let AD, BE, ^ 

CF be the perp» drawn from the vertices to 
the opposite sides, meeting at the ortho- 
centre O ; and let DEF be the pedal triangle. 

It is required to prove that 

AD, BE, CF bisect respectively 

^o^^Q the L* FDE, DEF, EFD. 

P It may be shewn, as in the last theorem, ^ 
that the points O, D, C, E are coney die ; 

.'. the Z. ODE = the Z.OCE, in the same segment. 

Similarly the points O, D, B, F are concyclic ; 

.'. the Z.ODF=the Z.OBF, in the same segment. 

But the Z-OCE=the Z-OBF, each being the comp* of the Z-BAC. 
A f3£ ^ A P C ... the Z.ODE = the Z.ODF. 

Similarly it may be shewn that the Z-« DEF, EFD are bisected by 
BE and CF. 




Q.E.D. 



i 



Corollary, (i) Every two sides of the pedal triangle are equally 
inclined to that side of the original triangle in which they meet, 

r For the L EDC=the comp* of the Z.ODE 
\ = the conip* of the L OCE 

.1 = the Z-BAC. 

' i Similarly it may be shewn that the Z. FDB = the L BAC, 

.-. the Z.EDC=the Z-FDB = theZ.A. 

? In like manner it may be proved that 

I the Z.DEC=the Z.FEA=the Z.B, 

; and the Z-DFB = the Z-EFA=the Z.C. 



CoROLLART. (ii) T?ie triangles DEC, AEF, DBF are equiangular to 
one another and to the triangle ABC. 

NoTB. If the angle BAC is obtuse^ then the perpendiculars BE, CF 
bisect externally the corresponding angles of the pedal triangle. 



/l>^ 



I' 2)^ ^^'^^^ C* li< 



^ c^^ c^ 
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EXERCISES. 

1. If O 18 the ortkoeentrt of the triangle ABC and \f the perpendicvlar ^ 
3 \9 produced to meet the circum-circle in G, prove that OD = DG - \ 



AD is produced to meet the circum-circle in G, prove that Ob = DG 

2. In an acute-angled triangle the three sides are the external bisectors 
of the angles of the pedal triangle : and in an ohtuse-angled triangle the 
sides containing the obtuse angle are^the internal bisectors of the correspond- 
ing angles of the pedal triangle, 

/ 

^ 3. IfOis the orthocentre of the triangle ABC, shew that the angles 
BOC, BAG are supplementary, 

C/ 4. If O is the orthocentre of the triangle ABC, then any one of the 
four points O, A, B, C m the orthocentre of the triangle whose vertices are 
the other three, 

J 5, The three circles which pass through two vertices of a triangle and 
its orthocentre are ea^h equal to the cireum-cirde of the triangle, 

6. D, E are taken on the circumference ot a semi-circle described 
on a given straight line AB : the chords AD, BE and AE, BD intersect 
(produced if necessary) at F and G : shew that FG is perpendicular 
toAB. 

7. ABC is a triangle, O is its orthocentre, and AK a diameter of the 
circum-circle : shew that BOCK is a parallelogram. 

8. The orthocentre of a triangle is joined to the middle point of the 
base, and the joining line is produced to meet the circum-circle : prove 
that it will meet it at the same point as the diameter which passes 
through tlie vertex. 

9. The perpendicular from the vertex of a triangle on the base, and 
the straight line joining the orthocentre to the middle point of the 
base, are produced to meet the circum-circle at P and Q : shew that 
PQ is parallel to the base. 

10. The distance of each vertex of a triangle from the orthocerUre is 
double of the perpendicvlar drawn from the centre of the circum-circle to 
the opposite side, 

11. Three circles are described each passing through the orthocentre 
of a triangle and two of its vertices : shew that the triangle formed by 
joining their centres is equal in all respects to the original triangle. 

12. Construct a triangle, having given a vertex, the orthocentre, 
and the centre of the circum-circle. 

H.S.Ow O 



-K 
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LOOL 

III. Otven the hose and verti cal angle qf a triangle, find th/t loctu of 
its orthocenire, ""^ " 

Let BC be the given base, and X the 
given angle ; and let BAC be any triangle 
on the base BC, having its vertical LA 
equal to the L X. 

Draw the perp» BE, CF, intersecting at 
the orthocentre O. 

It ia required to find the locus qf O. 

Proof. Since the L^ OFA, OEA are rt 
angles, 

.'. the points O, F, A, E are concyclic ; 




\^ 



, ^ ^ .*. the Z- FOE is the supplement of the Z- A : 

^ .% the vert. opp. Z.BOC is the supplement of the Z-A. 

But the Z.A is constant, being alwajns equal to the Z.X ; . .1 ^ 



J \^ y 

c 



X 



its supplement is constant ; /rvv-wOAAtA- 
that is, the ABOC has a fixed base, and constant vertical angle ; 
hence the locus of its vertex O is the arc of a segment of which BC ib 
ohe chord. 

IV. Given the base and vertical angle of a triangle^ fiikd the locus of 

the in-centre. 

Let BAC be any triangle on the given 
base BC, having its vertical angle equal to 
the given Z.X; and let Al, Bl, CI be the 
bisectors of its angles. Then I is the in- 
centre. 

It ia required to find the locvs oj 1. 

Proof. Denote the angles of the AABC 
by A, B, C; and.kt.4U-^»AIC'l)e dmeted 

Then from the ABIC, 

(i) <e IcfJtB + ^C = two rt. angles ; 

and frohn the AABC,f \ \ 

\ M i B + C = two .t^. angles ; 

(ii) so that i^+iBli-iC=one/rtA jangle. 
\.*., taking the di^fereDces 6f thift^quals in (i) and (ii), 
'A=oa3 rt. ancle: 
or, \ l=^^e rt/angle+^A. 

'^ equal to th'6^/.X; 
4onstant : 
tJie locus of 1 is the arc of a segment on the fixed chord BC 




But A is cofi|tan4, being al 









- A^ 
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EXERCISES ON LOCI. 

1. Given the base BC and the vertical angle A of a triangle ; find 
the locos of the ex-centre opposite A. 

2. Through the extremities of a given straight line AB any two 
parallel straight lines AP» BQ are drawn ; find the locus of the inter- 
section of the bisectors of the angles PAB, QBA. 

3. Find the locus of the middle points of chords of a circle drawn 
through a fixed poiiH. 

Distinguish between the cases when the given point is within, on, 
or without the circumference. 

4. Find the locus of the points of contact of tangents drawn from 
a fixed point to a system of concentric circles. 

5. Find the locus of the intersection of straight lines which pass 
through two fixed points on a circle and intercept on its circumference 
an arc of constant length. 

6. A and B are two 'fixed points on the circumference of a circle, 
and PQ is any diameter : find the locus of the intersection of PA 
and QB. 

7. BAC is any triangle described on the fixed base BC and having 
a constant vertical angle ; and BA is produced to P, so that BP is 
equal to the sum of the sides containing the vertical angle : find the 
locus of P. 

8. AB is a fixed chord of a circle, and AC is a moveable chord 
passing through A : if the parallelogram CB is completed, find the 
locus of the intersection of its diagonals. 

9. A straight rod PQ slides between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
perpendicular to the rulers : find the locus of X. 

10. Two circles intersect at A and B, and through P, any point on 
the circumference of one of them, two straight lines PA, PB are 
drawn, and produced if necessary, to cut the other circle at X and Y : 
find the locus of the intersection of AY and BX. 

11. Two circles intersect at A and B ; HAK is a fixed straight line 
drawn through A and terminated by the circumferences, and PAQ is 
any other straight line similarly drawn: find the locus of the inter- 
section of HP and QK. 
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simson's line. 

V. The feet of the perpendicuiars drawn to tlie three sides of a 
triangle from any point on its circum-cirde are coUinear. 

Let P be any point on the circum.-circle of 
the A ABC ; and let PD, PE, PF be the perps. 
drawn from P to the sides. 

It w required to prove that the points D, E, F 
are collinear. 

Join FE and ED : 

then FE and ED will be shewn to be ip the 
same straight line. 

Join PA, PC. 

Proof. Because the L* PEA, PFA are rt. angles, 

.'. the points P, E, A, F are coney clic : 
.*. the L PEF = the L PAF, in the same segment 
=the supgfc of the L PAB 
==the LPOD, 
since the points A, P, C, B are concyclic. 
Again because the L* PEC, PDC are rt. angles, 
.'. the points P, E, D, C are concyclic. 
.-. the Z- PED = the supp* of the L PCD 
= the supp* of the Z-PEF. 
.*. FE and ED are in one st. line. 

Ohs. The line FED is known as the Pedal or 8imBon*8 Une of the 
triangle ABC for the point P. 



EXERCISSS. 

1. From any point P on the circum-circle of the triangle ABC, 
perpendiculars PD, PF are drawn to BC and AB : if FD, or FD 
produced, cuts AC at E, shew that PE is perpendicular to AC. 

2. Find the locus of a point which moves so that if perpendiculars 
are drawn from it to the sides of a given triangle, their feet are 
collinear. 

3. ABC and AB'C are two triangles with a common angle, and 
their circum-circles meet again at P ; shew that the feet of perpen- 
diculars drawn from P to the lines AB, AC, BC, B'C are collinear. 

4. A triangle is inscribed in a circle, and any point P on the circum- 
ference is joined to the orthocentre of the triangle: shew that thiE 
joining line is bisected by the pedal of the point P. 
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THE TRIANGLE AND ITS CIRCLES. 

VI. D, E, F are the points of contact of the inscribed circle of the 
triangle ABC, and D^, Ej, Fj the points of contact of the escribed circle, 
which touches BC and the other sides produced : a, b, c denote the length 
of the sides BC, CA, AB ; s the semi-perimeter of the triangle, and r, r^ 
tM radii of the inscribed and escribed circles. 




t~ 



I' 






Prove the following equalities : 

(i) AE =AF =«-o, 
BD =BF =«-&, 
CD =CE =s-c, 

(ii) AEi=AFi =«. 

(iii) CDi = CEi=«-6, 
BDi = BFi=«-c. 

(iv) CD =BDi, and BD = CDj 

(V) EEi=FFi=a. 

(vi) The area of the AABC=rs 

=ri(«-a). 

(vii) Draw the above figure in the case when C is a right angle, and 
prove that r=«-c; r^^s-b. 
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Vn. In the triantfie ABC, I is the centre of the inacribed cirde, atui 
[i) 'ai 's ^^ centres of the escribed circles touching respectively the sides 
BC, CA, AB and the other sides produced. 




Prove thefollomng properties: 

(i) Th£ points A, I, i^ are coUiTiear : so are B, I, Ig ; and C, I, I3. 

(ii) The points \^ A, I, are ccUinear ; so are I3, B, 1^ ; and l^ C, l^. 

(iii) The triangles BIjC, ClgA, AljB are equiangular to one anot?teitr. 

(iv) The triangle Ijljlj is equiangular to the triangle formed by 
joining the points of contact of the inscribed circle. 

(v) Of the four points I, Ij, Ig, Ij, ea^h is the orthocentre of the 
triangle whose vertices are the other three. 

(vi) The four circles, ea^h of which poMtes through three of the 
points \, \i, I3, I, are all equal. 
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EXERCISES. 

1. With the figure given on page 214, shew that if the circles whose 
centres are I, l^, Ig, Is touch BC at D, D^, D,, D,, then 

(i) DDa=DiD3=6. (ii) DD,= DiD3=c. 

(iii) DaD,= 6 + c. (iv) DDi = 6-c. 

2. Shew that the orthocentre and vertices of a triangle are the centres 
of the inscribed and escribed circles of the pedal triangle, 

3. Given the base and vertical angle of a triangle, Jlnd the locus of the 
centre of the escribed circle which touches the base, 

4. Oiven the base and vertical angle of a triangle^ shew that the centre 
of the circum-circle is fixed. 

5. Given the base BC, and the vertical ancle A of the triangle, find 
the locus of the centre of the escribed circle wnich touches AC. 

6. Given the base, the vertical angle, and the point of contact with 
the base of the in-circle ; construct the triangle. 

7. Given the base, the vertical angle, and the point of contact with* 
the base, or base produced, of an escribed circle ; construct the triangle. 

8. \ is the centre of the circle inscribed in a triangle, and Ij, 1 2, Is the 
centres of the escribed circles; shew thcU llj, llg, Us are bisected by the 
circumference of the circum-circle. 

9. ABC is a triangle, and Ig, I3 the centres of the escribed circles 
which touch AC, and AB respectively : shew that the points B, C, 1^, I3 
lie upon a circle whose centre is on the circumference of the circum- 
circle of the triangle ABC. 

10. With three given points as centres describe three circles touch- 
ing one another two oy two. How many solutions will there be ? 

11. Given the centres of the three escribed circles ; construct the 
triangle. 

12. Given the centre of the inscribed circle, and the centres of two 
escribed circles'; construct the triangle. 

13. Given the vertical angle, perimeter, and radius of the inscribed 
circle ; construct the triangle. 

14. Given the vertical angle, the radius of the inscribed circle, and 
the length of the perpendicular from the vertex to the base ; construct 
the triangle. 

15. In a triangle ABC, I is the centre of the inscribed circle ; shew 
that the centres of the circles circumscribed about the triangles BIC, 
CIA, AIB lie on the circumference of the circle circumscribed about the 
given triangle. 
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THE NINE-POINTS CIRCLE. 

VIII. In any triangle the middle points of the sides, the feet , of the 

• 'perpendiculars from the vertices to the opposite sides, and the middle 
points of the lines joining the orthocentre to the vertices are concydic. 

In the A ABC, let X, Y, Z be the 
middle points of the sides 'BO, CA, 
AB; let D, E, F be the feet of the 
perp" to these sides from A, B, 0; let 
O be the orthocentre, and a, ^, y the 
middle points of OA, OB, 00. 

It is required to prove that 
the nine points X, Y, Z, D, E, F , o, /3, y 
are concydic. 

Join XY, XZ, Xa, Ya, Za. 

• Now from the A ABO, 
since AZ = 2B, and Aa = aO, 

.-. Za is pari to BO. Ex. 2, p. 64. 

And from the A ABC, since BZ = ZA, and BX = XC, 

.-. ZX is pari to AC. 

Bat BO produced makes a rt. angle with AC ; 

.'. the L XZa is a rt. angle. 

Similarly, the L XYa is a rt. angle. 
/. the points X, Z, a, Y are concyclic : 
that is, a lies on the O^ of the circle which passes through X, Y, Z ; 
and Xa is a diameter of this circle. 

Similarly it may be shewn that /3 and y lie on the O*^ of this circle. 
Again, since aDX is a rt. angle, 
.*. the circle on Xa as diameter passes through D. 

Similarly it may be shewn that E and F lie on the O** of this circle ; 
.'. the points X, Y, 2, D, E, F, a, /3, y are concyclic. Q.E.D. 

Obs, From this property the circle which passes through the middle 
points of the sides of a triangle is called the Nine-Points Circle ; many 
of its properties may be derived from th^ fact of its being the circam- 
circle of the pedal triangle. 
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To prove that 

(i| the centre of the nine-points circle is the middle point of the 
straight line which joins the orthocentre to the circum -centre. 

(ii) the radius of the nine-points circle is half the radius of the 
ctTCum-cirde. 

(iii) the centroid is collinear with the circum-centre, the nine-points 
centre^ and the orthocentre. 

In the A ABC, let X, Y, Z be the 
middle points of the sides ; D, E, F 
the feet of the perp*; O the ortho- 
centre; 8 and N the centres of the 
circumscribed and nine-points circles 
respectively. 

(i) To prove thai N is the middle 
point of SO. 

It may be shewn that the perp. to 
XD from its middle point bisects SO ; 
Thefxr. 22. 
Similarly the perp. to EY at its 
middle point bisects SO : 

that is, these perp* intersect at the middle point of SO : 
And since XD and EY are chords of the nine-points circle, 
/. the intersection of the lines which bisect XD and EY at rt. angles is 
its centre: Theor, 31, Cor. 1. 




the centre N is the middle point of SO. 



Q.E.D. 



(ii) To prove that the radium of the nine-points circle is half the 
radius of the drcum-drde. 

By the last Proposition, Xa is a diameter of the nine-points circle. 

.*. the middle point of Xa is its centre : 

but the middle point of SO is also the centre of the nine-points circle. 

{Proved.} 
Hence Xa and SO bisect one another at N. 
Then from the A* SNX, ONa, 



andNX = Na, 
(and the ^SNX=the LOHa; 
:. SX=Oa 
= Aa. 
And SX is also par^ to Aa, 
.-. SA=Xo. 
But 8A is a radius of the circum-circle ; 
and Xa is a diameter of the nine-points circle ; 
. the radius of the nine-points circle is half the radius of the circum« 
circle. [See also p. 267, Examples 2 and 3.] Q.E.D. 
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(iii) To prove that the centroid is coUinear with points Q, N, O. 

A 



Join AX and draw ag par^ to SO. 
Let AX meet 80 at Q. 



Then from the A AGO, since Aa=oO, 
and ag is par^ to OQ. 

.-. Ag=gG, Ear. 1, p. 64. 

And from the A Xagr, since oN = NX, 
and NQ is par^ to ag, 
.'. aG = GX. 
.-. AG = §of AX; 
.*. G is the centroid of the triangle ABC. 
TAear. in.. Cor., p. 97. 
That LB, the centroid lb collinear with 
the points 8, N, O. q.e.d. 




EXERCISES. 

1. Given the hose and vertical angle of a triangle^ find the locus of the 
centre of the nine-points circle, 

2. The nine-points circle of any triangle ABC, whose orthocentre is 
O, is also the nine-points circle of each of the triangles AOB, BOC, 
COA. 

3. If I, li, lo, l« are the centres of the inscribed and escribed circles 
of a triangle ABu, then the circle circumscribed about ABC is the 
nine-points circle of each of the four triangles formed by joining three 
of the points I, l^, Ig, is* 

4. All triangles which have the same orthocentre and the same 
circumscribed circle, have also the same nine-points circle. 

5. Given the base and vertical angle of a triangle, shew that one 
angle and one side of the pedal triangle are constant. 

6. Given the base and vertical angle of a triangle, find the locus of 
the centre of the circle which passes through the three escribed 
centres. 



Note. For some other important properties of the Nine-points 
Circle see Ex. 54, page 810. 



PART IV. 

ON SQUARES AND RECTANGLES IN CONNECTION 
WITH THE SEGMENTS OF A STRAIGHT LINE. 

THE GEOMETRICAL EQUIVALENTS OF CERTAIN 
ALGEBRAICAL FORMULA. 

Definitions. 



1. A rectangle ABCD is said to be 
contained by two adjacent sides AB, AO ; 
for these sides fix its size and shape. 

D C 

A rectangle whose adjacent sides are AB, AD is denoted by 

the red. AB, AD ; this is equivalent to the product AB . AD. 
Similarly a square drawn on the side AB is denoted by 

the sq. on AB, or AB^. 

2. If a point X is taken in a A X B 

straight line AB, or in AB produced, 

then X is said to divide AB into the ^^' ^' 

two segments AX, XB; the se gments 

be ing in either case the distances of > ■ ' j. 

the divBmg point X from the extremities 

of the given line AB. *^' ^' 

In Fig. 1, AB is said to be divided internally at X. 

In Fig. 2, AB divided externally at X. 

Obs. In internal division the given line AB is Ihfi smn of 
the_segments AX, XB. 

In external division the given line AB is the difference of the- 
se^Dients AX, XB. 
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Theorem 50. [Euclid 11. 1.] 

If of two straight lineSy one is divided into any number of parts, 
the rectangle contained by the two lines is equal to the sum of the 
rectangles contained by the undivided line and the several parts of 
the divided line. 



a be 

k k k 



D E P 

Let AB and K be the two given st. lines, and let AB be 
divided into any number of parts AX, XY, YB, which contain 
respectively a, 5, and c units of length ; so that AB contains 
a + 6j+p units. 

L$t the line K contain k units of length. 

It is\ required to prove that 
th^ rect. AB„K=<rect. AX, K + rect. XY, K + rect. YB, K, 
ruimdy thai .-''^ "^^ 

(a + 6 + c)^»= ale + blc + ck. 

Construction. Iteiw AD perp. to AB and equaT to K. 
Through D draw DC par* to AB. 
Through X, Y, B draw XE, YF, BC par' tOvAD. ^ 

Proof. The fig. AC = the fig. AE + the fig. XF + the fig. YC > 
and of these, by construction, 
fig. AC = rect. AB, K ; and contains (a + 6 + c)^ units of area . 

fig. AE = rect. AX, K ; and contains ak units of area^ 

- fig. XF = rect. XY, K; bk , 

fig. YC = rect. YB, K; ck 

Hence 
the rect. AB, K = rect. AX, K + rect. XY, K + rect. YB, K; 
or, (a + 6 + c)^= oA + bk -v ck. 

Q.E.D. 



^ 
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♦Corollaries. [Euclid 11. 2 and 3.] 
Two special cases of this Theorem deserve attention. 

(i) When AB is divided only at one point X, and when the 
undivided line AD is equal to AB. 

X 



D EC 

Then the sq. on AB = the rect. AB, AX + the rect. AB, XB. 
That is. 

The stmare on the given line is equal to the sum of the rectangles 
contained by the whole line and each of the segments. 

Or thus: 

AB2=>AB.AB 

= AB(AX + XB) 

= AB.AX + Ae.XB. 

(ii) When AB is divided at one point X, and when the 
undivided line AD is equal to one segment AX. 

A X B 



i- 



D EC 

Then the rect. AB, AX = the sq. on AX -}- the rect. AX, XB. 

That is, 

The rectangle contained by the whole line and one segment is 
eqval to the square on that segment with the rectangle contained by 
the two segments. 

Or thus : 

AB.AX = (AX + XB)AX 
= AX2 + AX.XB. 
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THEORsac 51. [Euclid 11. 4.] 

If a straight Une is divided internally at any point, the square 
on the given line is equal to the sum of the squares on the two seg- 
ments together witli tivice the rectangle contained by the segments. 






X d B 







Let AB be the given si line divided internally at X ; and let 
the segments AX, XB contain a and b units of length respectively. 

Then AB is the sum of the segments AX, XB, and therefore 
contains a + b units. 

It is required to prove that 

AB2 = AX2 + XB2 + 2AX . XB ; 

namely that 

(a + 5)2= a2 + 52 + 2ah. 

Construction. Ou„.AB^^^^S50JSb©-irt5<^^ From AD 

cut off AE equal to AX, or a. Then ED = XB = b. Through E 
and X draw EH, XF par^ respectively to AB, AD and meeting ^ 
at G. 

Proof. Then the fig. AC = the figs. AG, GC + the figs. EF, XH. 

And of these, by construction, 

fig. AC is the sq. on AB, and contains (a + 6)2 units of area ; 

fig. AG = sq. on AX, and contains a^ units of area ; 

fig. GC = sq. on XB, b^ ; 

fig. EF = rect. EG, ED 

= rect. AX, XB ab ; 

fig.XH=iect. GX, XB 

= rect. AX, XB ab , ^/ 

Hence AB2 = AX^ + XB2 + 2AX . XB ; 



that is. 



(a + 6)2« a2 + ^ + 2ab. 



Q.E.D,. 
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Theorem 52. [Euclid 11. 7.] 

// a straighi line is divided externally at (my pointy the square 
on the given line is equal to the sum of the squares on the ttoo 
segments diminiflhed by tvnce the reciangk contained by the 



I 


4 a^- 


6 
"J) 


X 

F 


9 


; -^ 




E 


H G 



Let AB be the given st. line divided extemaUy at X ; and let 
the segments AX, XB contain a and b units of length re- 
spectively. 

Then AB is the difference of the segments AX, XB, and 
therefore- contains a - & units. 

It is required to prove that 

AB2=AX2 + XB2-2AX.XB; 

namely that (a-by^ a^ + b^ - 2ab. 

Gonsti action. On AX describe a square AXQE. From AE 
cut off AD equal to AB, or a - 6. Then ED = XB = 6. Through 
D and B draw DF, BH par^ respectively to AX, AE, meeting 
at C. 

Proof. Then the fig. AC = the figs. AG, CG - the figs. EF, XH. 

And of these, by construction, 

fig. AC is the sq. on AB, and contains (a - by units of area ; 

'fig. AG = sq. on AX, and contains a^ units of area ; 

fig. CQ==sq. onXB, b^ ; 

. fig. EF-rect. EG, ED 

= rect. AX, XB aO ; 

fig.XH = rect GX, XB 
1^ =rect. AX, XB ab 

Hence AB2 = AX^ + XB2 - 2AX . XB ; 

that is, (a-bY^ a^ + b^ - 2ab. 

Q.E.D. 
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Theorem 53. [Euclid 11. 5 and 6.] 

The difference of the squares on two straight lines is equal to the 
rectangle contained by their sum and differcTice. 



---g-C— -v B 




Let the given lines AB, AC be placed in the same st. line^ 
and let them contain a and b units of length respectively. 

It is required to prove that 

AB2 - AC2 = (AB + AC) (AB - AC) ; 
namely that a^ - &2 ^ (^ ^ jj ^^ _ ly 

Construction. On AB and AC draw the squares ABDE, 
ACFG ; and produce CF to meet ED at H. 

Then GE = CB = a - ft units. 



Proof, Now AB2 - AC2 = the sq. AD - the sq. AF 

= the rect. CD + the. rect. GH 
= DB.BC +GF.GE 

= AB.CB +AC.CB 

= <AB + AC)CB'^'' ''"^ 
= (AB + AC)(AB-AC), 



c ^--^t 



>V^' 



Kr 



VsU^^'-^^') 



That is 



62 ==(a + 6)(a-6). 



Q.E.D. 
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Corollary. If a straight line is bisected, and also divided 
(internally or externally) into two unequal segments, the rectangle 
contained by these segments is equal to the difference of the squares on 
half the line and on the line between the points of section, 

A X Y B A X B Y 

Fig. X. Fig. 2. 

That is, if AB is bisected at X and also divided at Y, inter- 
nally in Fig. 1, and externally in Fig. 2, then 

in Fig. 1, AY . YB = AX2 - XY^ ; 

in Fig. 2, AY . YB = XY^ - AX2 

For in the first case, AY . YB = (AX + XY) (XB - XY) 

-(AX + XY)(AX-XY) 

= AX2-XY2. 

The second case may be similarly proved. 

EXERCISES. 

1. Draw diagrams on squared paper to shew that the square on a 
straight line is 

(i) /owr-times the square on hcUf the line ; 
(ii) mne-times the square on one-third of the line. 

^ 2. Draw diagrams on squared paper to illustrate the following 
algebraical formulae : 

(i) (x + 7)2=a;2+14a?+49. 

(ii) (a + & + c)2=a2 + 62 + ca+2ic + 2ca + 2a6. 
(iii) {a + h){c-^d)=ac + ad + hc + hd. 
(iv) (a;-f7)(aj + 9) = a;2+i6a? + 63. 

3. In Theor. 50, Cor. (i), if AB=4 cm., and the fig. AE = 9-6 sq. cm., 
find the area of the fig. XC. 

y 4. In Theor. 50, Cor. (ii), if AX = 2-r, and the fig. XC = 3-36 sq. in., 
^nd AB. 

5. In Theor. 51, if the fig. AG = 36 sq. cm., and the rect. AX, XB 
= 24 sq. cm., find AB. 

6. In Theorem 52, if the fig. AG = 9-61 sq. in.,.and the fig. DG = 6-51 
sq. in., find AB. 

[For further Examples on Theorems 50-53 see p. 230.] 

H.S G. P 
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Theorem 54. [Euclid 11. 12.] S^ V 

In cm obtuse-angled triangle, the square an the side subtend ing _ 
the obtuse angle is equal to the swm of the squa/res on the sides 
containing the obtuse angle together with twice the rectangle conr- 
tained by one of those sides and the projection of the other side 
wpon it, ^ * . 




Let ABC be a triangle obtuse-angled at C ; and let AD be 
drawn perp. to BC produced, so that CD is the projection oJ 
the side CA on BC. [See Def. p. 63.] 

It is required to 'prove thai 

AB2 = BC2 + CA2 + 2BC . CD. 

Proof. \Because BD is the sum of the lines BC, CD. 

.-. BD2=bq2 + cd2 + 2^^D. Theor.hl. 

To each of these equals add DA^. 
TheW BD2 + DA2 = BQ? + (CD2 + DA^) + 26C . CD. 

But\BD2+DA2 = AB^, , ^ ^. , , 
and\)D2H.DA2 = CA2K^^^^' ^^ '' ' "^ ^ 
Hence AB2 « BC2 + CA2 + 2BC . CD. 
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Theorem 55. [EucKd 11. 13.] 

In emery triangle the square on the side svhtendvag an acute angle 
is equal to the sum of the squares on the sides containing that angle 
dimiiiished by twice the redamgle contained by one of those sides 
and the projection of the other side upon it. 



> 



^t.- 



V 





:.. ^^-^^ 



Fig:. 2- 

Let ABC be a triangle in which the z. C is acute ; and let 
AD be drawn perp. to BC, or BC produced ; so that CD is the 
projection of the side CA on BC. 

It is required to prove that 

AB2 = BC2 + CA2 - 2BC . CD. 

Proof Since in both figures BD is the difference of the lines 
BC, CD, 

.-. BD2 = BC2 + CD2 - 2BC . CD. Theor. 52. 

To each of these equals add DA^. 

Then BD^ + DA2 = BC^ + (CD2 + DA2) - 2BC . CD (i) 

But BD2 + DA2 = AB2) , . ^. ^ 

J ^r.9 r>.9 ^.9 h ^^P thO Z- D IS a H. ^. 

and CD2 + DA2 = CA2j* 

Hence AB^ = BC^ + CA2 - 2BC . CD. 

Q.E.D 

' -. ^ /I 
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Summary of Theorems 29, 54 and 55. 






B C D B C(D) B 

(i) If the L ACS is Mnse^ 

AB2 = BC2 + CA2 + 2 BC . CD. The(/f^ 54 

(ii) If the L ACB is a right angle, ^ ^ 

AB2 = BC2 + CA2. Theor. 29. 

(iii) If the L ACB is acute, 

AB2 = BC2 + CA2 - 2BC . CD. Theor, 55, 

Observe that in (ii), when the Z.ACB is right, AD coincides 
with AC, so that CD (the projection of CA) vanishes ; 

hence, in this case, 2BC . CD = 0. 

Thus the three results may be collected in a single 
enunciation : 

The square on a side of a triangle is greater than, equal to, or 
less than the sum of the squares on the other sides, according as the 
angle contained hy those sides is obtuse, a right angle, or acute ; the 
difference in cases of inequality being timce the rectangle contained 
by one of the two sides and the projection on it of the other. 



exercises. 

1. In a triangle ABC, a =21 cm., 6 = 17 cm., c=10 cm. By how 
many square centimetres does c^ fall short of a^ + ft^? Hence or other- 
wise calculate the projection of AC on BC. 

2. ABC is an isosceles triangle in which AB = AC ; and BE is drawn 
perpendicular to AC. Shew that BC2=2AC . CE. 

3. In the A ABC, shew that 

(i) if the ^C = 60", then c^=a^ + h^-ab; 
(ii) if the Z.C=120°, then c^=d^+b^+ab. 



^ 
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Theorem 56. 

In any triangle the sum of the squares on two sides is eqwil to 
tivice the square on half the third side together vnth twke the square 
on the median which btsecls the third side. 





Let ABC be a triangle, and AX the median which bisects the 
base BC. 

It is required to prove that 

AB2 + AC2 = 2BX2 + 2AX2. 

Draw AD perp. to BC ; and consider the case in which AB 
and AC are unequal, and AD falls within the triangle. 

Then of the z." AXB, AXC, one is obtuse, and the other acute. 
Let the L AXB be obtuse. 

Then from the A AXB, 

AB« « BX2 + AX2 + 2BX . XD. Thew. 54. 

And from the A AXC, 

AC2 = XC2 -f AX2 - 2XC . XD. . The(n'. 55. ,. 

Adjding these results, and remembering that XC = BX, 
we have 



AB2 + AC2 = 2BX2 4-2AX«. 



Q.E.D. 



Note. The proof may easily be adapted to the case in which the 
perpendicular Au falls outside the triangle. 



exercise. ^a 

In any triangle the difference of the squares on two sides is equal to 
twice the rectangle contained by the base and the intercept between the 
middle point of the base and the foot of the perpendicular drawn from 
the vertical angle to the ba^e. 

fc. All/ ^ 
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EXERCISES ON THEOREMS 50-53. 

1. Use the Corollaries of Theorem 50 to shew that if a straight line 
AB ia divided internally at X, then 

AB2=AX3+XB«+2AX.XB. 

2. If a straight line AB is bisected at X and prodaced to Y, and it 
AY . YB = 8AX2, shew that AY=2AB. 

3. The sum of the squares on two straight lines is never less than 
twice the rectangle contained hy the straight lines. 

Explain this statement by reference to the diagram of Theorem 52. 
Also deduce it from the formula (a - &)'= a* + ft" - 2a6. 



4. In the formula (a + ft) (a - ft) = a" - 6^ substitute a = — o-^> ft = — ^ 
and enunciate verbally the resulting theorem. 

5. If a straight line is divided internally at Y, shew that thtf 
rectangle AY, YB continually diminishes as Y moves from X, the mid* 
point of AB. 

Deduce this (i) from the Corollary of Theorem 63 ; 

(ii) from the formula aft = [ -7p ) ~ ( ""oT" ) • 

'^ 6. If a straight line AB is bisected ai X, and also divided (1) inter- 
nalli/f (ii) externally into two unequal segments at Y, shew that in either 
cowe AY9+YB2=2(AXa+XYa). [EucUd IL 9, 10.] 

[Proof of ca^e (i). 

AYa+YB«=ABa-2AY. YB 7%eor. 61. 

=4AXa-2(AX + XY)(AX-XY) 
=4AX« - 2(AX2 - XY8) Theor. 53. 

=2AX2+2XY2. 

Case (ii) may be derived from Theorem 52 in a similar way.] 

7. If AB is divided internally at Y, use the result of the last 
example to trace the changes in the value of AY"+YB", as Y moves 
from A to B. 

X 8. In a right-angled tria?igle, if a perpendicular is drawn from the 
right angle to the hypotenuse, the square on this perpendicular is equal to 
tjjji rectangle contained hy the segments of the hypotenuse, 

9. ABC is an isosceles triangle, and AY is drawn to cut the base BC 
Prov 



Jii 



internally or externally at Y. Frove that 

AY»=AC»-BY.YC, for internal section; 
AY2=A0«+BY.Y0, for external section. 
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y EXERCISES ON THEOREMS 54-56. 

1. AB is a straight line 8 cm. in length, and from its middle point 
O as centre with rakdius 5 cm. a circle is drawn ; if P is any point on 
the circumference, shew that 

AF»+BF»=82sq. cm. 

^ 2. In a triangle ABC, the base BC is bisected at X. If a =17 cm., 
6^15 cm., and c^S cm., calculate the length of the median AX, and 
deduce the LA. 

v/ 3. The base of a triangle sslO cm., and the sum of the squares on 
the other sides = 122 sq. cm. ; find the locus of the vertex. 



\jA4 



4. Prove that the sum of the squares on the sides of a parallelogram 
is equal to the sum of the squares on its diagonals. 

The sides of a rhombus and its shorter diagonal each measure df ; 
find the longer diagonal to within '01^ 

5. In any quadrilateral the squares on the diagonals are together 
eq^ual to twice the sum of the squares on the straight lines joining the 
middle points of opposite sides. [See Ex. 7, p. 64.] 

6. ABCD is a rectangle, and O any point within it : shew that 

OA«+OC»=OB2+OD2. 
If AB=6-(r, BC=2-5'', and OA2+OC»=21i sq. in., find the distance 
of O from the intersection of the diagonals. "1^ 

7. The sum of the squares on the sides of a quadrilateral is greater ^ ^^ 
than the sum of the 8(][uares on its diagonals by four times the square 

* on the straight line which joins the middle points of the diagonals. Ci ) 

8. In a triangle ABC, the ancles at B and C are acute ; if BE, CF 

are drawn perpendicular to AC, AB respectively, prove that . -h '-) 

BC2=AB.BF+AC.CE. 

\y\ 9. Three times the sum of the squares on the sides of a triangle is 
equal to four times the sum of the squares on the medians. 

10. ABC is a triangle, and O the point of intersection of its 
medians: shew that 

AB2+BC»+CA2=3(OA2+OB«+OC»). 

11. If a straight Ime AB is bisected at X, and also divided (inter- 
nally or externally) at Y, then 

AY» + YBa=2(AX2+ XY2). [See p. 230 Ex. 6.] 
Prove this from Theorem 56, by considering a triangle CAB in the 
limiting position when the vertex C falls at Y in the base AB. 

12. In a triangle ABC, if the base BC is divided at X so thaiE 
mBX=nXC, shew that 

mAB2+nAC«=»BXa+nXC«+(«i+n)AX2. 
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GEOMETRY. 

RECTANGLES IN CONNECTION WITH CIRCLES. 

Theorem 67. [Euclid III. 35.] 

// two chrn'ds of a circle cui at a point within it, the rectangles 
contained by their segments are equal. \ 




D 

In the ABC, let AB, CD be chords cutting at the internal 
point X. 

It is required to prove that 

the rect. AX, XB^the red. CX, XD. 
Let O be the centre, and r the radius, of the given circle. 
Suppose OE drawn perp. to the chord AB, and therefore 
bisecting it. 

Join DA, OX. 

Proof. The rect. AX, XB = (AE + EX) (EB - EX). 
= (AE + EX)(AE-EX) 
= AE2-EX2 Theor.bS. 

= (A^ k&) "- (EX2 ir Of3 ^ 
= r* - 0X2, gince 

the z." at E are rt. z.'. -r- -_ >-^^ . i "L' 7- , 

Similarly it may be shewn that 

the rect. CX, XD = r2-OX2. 

.*. the rect. AX, XB = the rect. CX, XD. 

Q.E.D. 

Corollary. Each rectangle is equal to the square on half the 
chord which is bisected at the given point X. 
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Theorem 58. [Euclid III. 36.] 

If two chords of a circle, when produced, cui at a poirU oviside it, 
rectangles contained by their segments a/re egml. And each 
*ctangle is equal to the square on the tangent from the point of 
'section. 




In the ABC, let AB, CD be chords cutting, when produced, 
ali the external point X ; and let XT be a tangent drawn from 
that point. 

It is required to prove that 

the red. AX, XB = the red. CX, XD = the sq. on XT. 

Let O be the centre, and r the radius of the given circle. 
Suppose OE drawn perp. to the chord AB, and therefore 
bisecting it. 

Join DA, OX, OT. 

Proof. The rect. AX, XB = (EX + AE) (EX - EB) r 
= (EX + AE)(EX-AE) 
= EX2-AE2 Thear.dS , v 

0X2 ^ ^2^ since 

the L" at E are rt. l\ - c k"^ - 1^ ^ 

Similarly it may be shewn that ' ox - • »^ 

therect. CX, XD = OX2-r2. t ck' ■ ' ' 

And since the radius OT is perp. to the tangent XT, ■ "^^ * '. , 
.-. XT2 = OX2-r2. Theor.29. .n, ^^ 

.'. the rect. AX, XB = the rect. CX, XD = the sq. on XT. 

Q.E.D. 
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Theorem 59. [Euclid HX 37.] 

If from a paini outside a drcle tvx) straight lines are dravm, one 
of which cuts the circle^ and the other meets it ; and if the rectangle 
r/mtained by the whole line which cuts the circle amd (he part of U 
outside the circle is emial to the square on the line which vneets the 
circle^ then the line which meets the drde is a tangent to it. 




From X a point outside the ABC, let two straight lines 
XA, XC be drawn, of which XA cuts the circle at A and B, and 
XC meets it at C ; 

and let the rect. XA, XB=the sq. on XC. 

It is required to prove that XC Umchefsjhe circle at C. 

Proof Suppose XC meets the circle again at D ; 

then )^ATkB = XC . XD. Thear. 58. 

But by hypothesis, XA . XB = XC^ ; 

.*. XC.XD = XC2; 
XD = XC. 
Hence XC cannot meet the circle again unless the points of 
section coincide ; 

that is, XC is a tangent to the circle. 

Q.B.D. 

Note on Thbobems 57, 58. 

Remembering that the segments into which the chord AB is divided 
at X, internally in Theorem 57, and externally in Theorem 58, are 
in each case AX, XB, we may include both Theorems in a single 
enunciation. 

If any number of chords of a drde are drawn through a given point 
within or without a drde, the rectoMfj^ contained by the segments of the 
chords are equal* 
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KXXROISES ON THEOBEMS 57-59. 
{Numerical and Oraphical.) 

1. Draw a circle of radios 5 cm., and within it take a point X 
3 cm. from the centre O. Through X draw any two chords AB, CD. 

(i) Measure the segments of AB and CD ; hence find approximately 
the areas of the rectangles AX . XB and CX . XD, and compare the . 
results. 

(ii)'Braw the chord MN which is bisected at X; and from the 
right-angled triangle OXM calculate the value of XM^. 

(iii) Find by how much per cent, your estimate of the rect. AX, XB 
differs from its true value. 

2. Draw a circle of radius 3 cm., and take an external point X 
6 cm. from the centre O. Through X draw any two secants XAB, XCD. 

(i) Measure XA, XB and XC, XD ; hence find approximately the 
rectangles XA . XB and XC . XD, and compare the results. 

(ii) Draw the tangent XT ; and from the right-angled triangle XTO 
calculate the value of XT^. 

(iii) Find by how much per cent, your estimate of the rect. AX, XB 
differs from its true value. 

3. AB, CD are two straight lines intersecting at X. AX = 1*8", 
XB = l-2", and CX=2-7". HA, C, B, D are concycUc, find the length 
of XD. 

Draw a circle through A, C, B, and check your result by measure • 
ment. 

4. A secant XAB and a tangent XT are drawn to a circle from an 
external point X. 

(i) IfXA=or, andXB=2-4", findXT. 
(ii) n XT=7-5 cm., and XA=4-6 cm., find XB. 

5. A semi-circle is drawn on a given line AB ; and from X, any 
point in AB, a perpendicular XM is drawn to AB cutting the circum- 
ference at M : shew that 

AX.XB=MX3 

(i) If AX=2-5'', and MX=2-(r, find XB ; hence find the diameter 
of the semi-circle. 

(ii) If the radius of the semi-circle =3 '7 cm., and AX =4 '9 cm., 
find MX. 

6. A point X moves within a circle of radius 4 cm. , and PQ is any 
chord passing through X ; if in all positions PX . XQ= 12 sq. cm., find 
the locus of A. 

What will the locus be if X moves outside the same circle, so that 
PX.XQ=20Bq. cm.? 



/ 



GEOMETRY. 

EXERCISES ON THEOREMS 57-59. 

{Theoretical.) 



1. ABC is a triangle right-angled at C ; and from C a perpendicular 
^ CD is drawn to the hypotenuse : shew that 
AD.DB=CDa. 



y 



2. If two circles intersect, and through any point X in their 
common chord two chords AB, CD are drawn, one in each circle, shew 
tliat AX.XB = CX.XD. 

3. Deduce from Theorem 58 that the tangents drawn to a circle 
from any external point are equal. 

4. If two circles intersect, tangents drawn to them from any point 
in their common chord produced are equal. 

5. If a common tangent PQ is drawn to two circles which cut at A 
'^and B, shew that AB produced bisects PQ. 

6. If two straight lines AB, CD intersect at X so that AX . XB 
= CX.XD, deduce from Theorem 67 (by reductio ad dhmrdum) that 
the points A, B, C, D are coney die. 

/ 7. In the triangle ABC, perpendiculars AP, BQ are drawn from A 
and B to the opposite sides, and intersect at O : shew that 
AO.OP=BO.OQ. 

v/ 8. ABC is a triangle right-angled at C, and from C a perpendicular 
CD is drawn to the hypotenuse : shew that 
AB.AD=AC2. 

^ 9. Through A, a point of intersection of two circles, two straight 
lines CAE, DAF are drawn, each passing through a centre and ter- 
minated by the circumferences : shew that 
CA.AE = DA.AF. 

.,' 10. If from any external point P two tangents are drawn to a 
given circle whose centre is O and radius r ; and if OP meets the chord 
of contact at Q ; shew that 

0P.0Q=r2. 

11. AB is a fixed diameter of a circle, and CD is perpendicular to 
AB (or AB produced) ; if any straight line is drawn from A to cut CD at 
P and the circle at Q, shew that 

AP. AQ = constant. 

12. A is a fixed point, and CD a fixed straight line ; AP is any 
straight line drawn from A to meet CD at P; if in AP a point Q 
is taken so that AP . AQ is constant, find the locus of Q. 
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EXERCISES ON THEOREMS 57-59. 

{MisceUaneovs.) 

1. The chord of an arc of a circle = 2c, the height of the arc=/i, the 
radius=r. Shew by Theorem 57 that 

h{2r'-h)=c\ 

Hence find the diameter of a circle in which a chord 24^ long cuts off 
a segment 8" in height. 

\/ 2. The radios of a circular arch is 26 feet, and its height is 18 feet : 
find the span of the arch. 

If the height is reduced by 8 feet, the radius remaining the same, by 
how much will the span be reduced ? 

Check your calculated results graphically by a diagram in which 1'' 
represents 10 feet. 

3. Employ the equation h(2r-h) = c'^ to find the height of an arc 
whose chord is 16 cm., and radius 17 cm. 

Explain the double result geometrically. 

^4. If c? denotes the shortest distance from an external point to a 
circle, and t the length of the tangent from the same point, shew by 
Theorem 58 that rf(d + 2r)=^2. 

Hence find the diameter of the circle when (i = l'2", and t = 2A" ; and 
verify your result graphically. 

x/ 5. If the horizon visible to an observer on a cliflF 330 feet above the 
sea-level is 22J miles distant, find roughly the diameter of the earth. 

Hence find the approximate distance at which a bright light raised 
66 feet above the sea is visible at the sea-level. 

6. If h is the height of an arc of radius r, and b the chord of half the 
arc, prove that b'^=2rh 

7. A semi-circle is described on AB as diameter, and any two chords 
AC, BD are drawn intersecting at P : shew that 

AB='=AC.AP-hBD.BP. 

8. Two circles intersect at B and C, and the two direct common 
tangents AE and DF are drawn : if the common chord is produced to 
meet the tangents at G and H, shew that 

GH2=AE2-}-BC2 

9. If from an external point P a secant PCD is drawn to a cirole, 
and PM is perpendicular to a diameter AB, shew that 

PM2=PC.PD-HAM.Ma 
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PROBLEMS. 

Problem 32. 
To draw a squa/re equal in area to a given rectangle. 



ilT*^ 



1(3 




X 

Let ABCD be the given rectangle. 

Construction. Produce AB to E, making BE equal to BC. 
On AE draw a semi-circle; and produce CB to meet the 
circumference at F. 

Then BF is a side of the required square. 

Proof. Let X be the mid-point of AE, and r the radius of 
the semi-circle. Join XF. 

Then the rect. AC = AB . BE 

= (r + XB)(r-XB) 

= r2-XB2 

= FB2, from the rt. angled A FBX. 

; j \ Corollary. To describe a square equal in area to any given 

< i irectilineal figure. 

i } V Reduce the given figure to a triangle of equal area . Prob. 18. 

< .-, Draw a rectangle equivalent to this triangle. Prob, 17. 
' [ i' AyplytoWB^TecS&ngte'^^ given above. 
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FBOBLEBiS ON CIBCLES AND RECTANGLES. 



EXERCISES. 

Draw a rectangle 8 cm. by 2 cm. , and construct a square of equal 
What is the length of each side ? 

2. Find graphically the side of a square equal in area to a rectangle 
whose length and breadth are 3*0" and 1*5^ Test your work oy 
measurement and calculation. 

3. Draw any rectangle whose area la 3*75 sq. in. ; and construct a 
square of equal area. Ilnd by measurement ana calculation the length 
of esbch side. 

4. Draw an equilateral triangle on a side of 3'^ and construct a 
rectangle of equal area [Problem 17.] Hence find by construction and 
measurement tne side of an equal square. 

5. Draw a quadrilateral ABCD from the following data : A =65°; 
AB=AD=9 cm.; BCs:CD=5 cm. Reduce this figure to a triangle 
[Problem 18], and hence to a rectangle of equal area. Construct an 
equal square, and measure the length of its side. 

6. Divide AB, a line 9 cm. in length, internally at X, so that 
AX . XB=the square on a side of 4 cm. 

Hence give a graphical solution, correct to the first decimal place, of 
the simultaneous equations : 

a;+y=9, xy^l6. 

7. Taking yj/ as your unit of length, solve the following equations 
by a graphical construction, correct to one decimal figure : 

a; + y=40, ary= 169. 

8. The area of a rectangle is 25 sq. cm., and the length of one side 
is 7*2 cm. ; find graphically the length of the other side to the nearest 
millimetre, and test your drawing by calculation. 

9. Divide AB, a line 8 cm. in length, externaUy at X, so that 
AX . XB=the square on a side of 6 cm. [See p. 245.] 

Hence find a graphical solution, correct to the first decimal place, of 
the equations ; x-y=S, «y=36. 

10. On a straight line AB draw a semi-circle, and from any point P 
on the circumference draw PX perpendicular to AB. Join AP, rB, and 
denote these lines by x and y. 

Noticing that (i) ar^+y«=AB2 ; (ii) a;y=2AAPB=AB . PX ; devise a 
graphical solution of the equations : 

ar»+y3= 100, «y=26. 
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GEOMETRY. 

Problem 33. 



To divide a given straight line so that the recta/ngle contained by 
the whole and one part may he equal, to the square on the other part. 




Let AB be the st. line to be divided at a point X in such a 
way that AB . BX = AX^. J^ '^ 

Construction. Draw BC perp. to AB, and make BC equal to 
half AB. Join AC. 

From CA cut off CD equal to CB. 

From AB cut off AX equal to AD. 

Then AB is divided as required at X. 

Let AB = a units of length, and let AX=aj. 
ThenBX = a-a;; AD = a;; BC = CD = ^- 

Now AB2 = AC2 - BC2, from the rt. angled A ABC ; 
= (AC-BC)(AC + BC); 

From each of these equals take ax; ^ 2 -z J 

then' a^-ax=^z^;. ^ -^ ^.y f i;^,^ ^ f^G^ 

or, a{a-x)^x\ / . ^.^. ^ , ,. ^ f^X 

that is, ... AB.BX = AX^. H .r G 



Proof. 



that is. 



rtr/^. 
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EXERCISE. , .'7 

Let AB be divided as above at X. On AB, AX, 
and on opposite sides of AB, draw the squares 
ABEF, AXGH ; and produce GX to meet FE at K. 
In this diagi^m name rectangular figures equivalent 
to a?y -r^, x{x+a), ax, and a{a-x). Hence illus- 
trate the above proof graphically. 
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Note. A straight line is said to be divided in Medial Sec tion when 
the rectangle contained by the given line and one segmeni is equal to 
the square on the other segment. 

This division may be internal or external ; that is to say, AB may be 
divided internally at X, and externally at X', so that 




(i) AB.BX=AX«, 
(ii) AB.BX'=AX'«. 



To obtain X', the construction of p. 240 must be modified thus : 
CD is to be cut off from AC produced ; 
AX' from BA produced^ in the negative sense. 



Algebraical Illustration. 

If a St. line AB is divided at X, internally or externally, so that 
AB.BX=AX2, 
and if AB=a, AX=a?, and consequently BX=a-aj, then 

a{a-x)=a:i^, 
or, 3i^ + ax-a^=0, 

and the roots of this quadratic, namely, -5 — ^ ^^^ " \~~9~ +5)» 
the lengths of AX and AX'. 



EXERCISES; 

1. Divide a straight line 4" long internally in medial section. 
Measure the greater segment, and find its length algebraically. 

2. Divide AB, a line 2" long, externally in medial section at X'. 
Measure AX', and obtain its length algebraically, explaining the 
geometrical meaning of the negative sign. 

3. In the figure of Problem 33, shew that AC = ^^. [Theor. 29.] 
Hence prove (i) AX=^-|; (ii) AX'=-(^ + |). 

4. If a straight line is divided internally in medial section, and 
from the greater segment a part is taken equal to the less, shew that 
the greater segment is also divided in medial section, 

H.s.a Q 
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^(9 draw an isosceles triangle having each of the angles at the base 
double of the vertical angle. 

.D 
A 





B B^ ^C 

ConstrxLCtion. Take any line AB, and divide it at X, 

so that AB . BX = AX^. Prob 33 

(This construction is shewn separately on the left.) 

With centre A, and radius AB, draw the O BCD ; 

and in it place the choi-d BC equal to AX. 

Join AC. 

Then ABC is the triangle required. 

Proof. Join XC, and suppose a circle drawn through A, X 
and C. 

Now, by construction, BA . BX =« AX^ 

= BC2; 
.*. BC touches the O AXC at C ; Theor. 69- 

.*.' the L BCX = the z_XAC, in the alt. segment 
To each add the l XCA ; 
then the l BCA = the lXAC + the l XCA 
= the ext. Z.CXB. 

And the z. BCA = the Z-CBA, for AB»AC. 
.'. the2LCBX = the^CXB; 

.". CX = CB = AX, 
.'. the2LXAC = the2LXCA; 
.'. the z. XAC + the l XCA = twice the l A. 
But the AABC = the z.ACB = the z.XAC + the Z.XCA Proved. 

= twice the l A, 
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EXERCISES. 

1. How many decrees are there in the vertical anele of an isosceles 
triangle in which each angle at the base is double of the vertical angle ? 

2. Shew how a right angle may be divided into five equal parts by 
means of Problem 34. 

3. In the figure of Problem 34 point ort a triangle whose vertical 
angle is three times either angle at the base. 

Shew how such a triangle may be constructed. 

4. If in the triangle ABC, the Z.Bsthe Z.C= twice the Z.A, shew 
that «- 

BC, n/5-1 

5. In the figure of Problem 34, if the two circles intersect at F, 
shew that 

(i) BC=CF; 

(ii) the circle AXC=the circnm-circle of the triangle ABC ; 

(iii) BC, CF are sides of a regular decagon inscribed in the 
circle BCD ; 

(iv) AX, XC, CF are sides of a regular pentagon inscribed in 
the circle AXC. 

6. In the figure of Problem 34, shew that the centre of the circle 
circumscribed about the triangle CBX is the middle point of the 
arc XC. 

7. In the figure of Problem 34, if I is the in-centre of the triangle 
ABC, and T, 8' the in-centre and circum-centre of the triangle CBX, 
shew that S'l = ST. 

8. If a straight line is divided in medial section, the rectangle con- 
tained by the sum and difference of the segments is equal to the 
rectangle contained by the segments. 

9. If a straight line AB is divided internally in medial section at X, 
shew that AB2+BX2=3AX2. 

Also verify this result by substituting the values given on page 24L 
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THE GRAPHICAL SOLUTION OF QUADRATIC EQUATIONS. 

From the following constructions, which depend on Problem 32, a 
graphical solution of easy quadratic equations may be obtained. 

I. To divide a strgtigJU line internally so that the rectangle contained 
by the segments may he equal to a given square. 




A X' 



Let AB be the at. line to be divided, and DE a side of the given 
square. 

Constmction. On AB draw a semicircle ; and from B draw BF 
perp. to AB and equal to DE. 

From F draw FCC par* to AB, cutting the O** at C and C 

From C, C draw CX, CX' perp. to AB. 

Then AB is divided as required at X, and also at X'. 

Proof. AX . XB=CX« Pr6b. 32. 

= BF« 

= DEa 

Similarly AX'. X'B=DE». 

Application. The purpose of this construction is to find two straight 
lines AX, XB, having- given their «tj», viz. AB, and their product, viz. 
the square on DE. 

Now to solve the equation ic^- 13a: + 36=0, we have to find two 
numbers whose sum is 13, and whose product is 36, or 6*. 

To do this graphically, perform the above construction, making AB 
equal to 13 cm., and DE equal to \IM or 6 cm. The segments AX, XB 
represent the roots of the equation, and their values may be obtained 
by measurement. 

Note. If the last term of the equation is not a perfect square, as in 
a:'- 7a; +11=0, ^/^ must be first got by the arithmetical rule, or 
graphically by means of Problem 32. 
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GRAPHICAL SOLUTION OF QUADRATICS. 
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n. To divide a straight line externally ao that the rectangle contained 
hy the segments may be equal to a given square. 




X'A 



cr • 



Let AB be the st. line to be divided externally, and DE the side of 
the given square. 

Construction. From B draw BF perp. to AB, and equal to DE. 
Bisect AB at O. 

With centre O, and radius OF draw a semi-circle to cut AB pro- 
duced at X and X'. " — ' --- - 

Then AB is divided externally as required at X, and also at X'. 

Proof. AX . XB = X'B . BX, since AX = X'B, 

j^ iJ/s^ =BF2 

\ =DE2. 



Pro6. 32. 



Application. Here we find two lines AX, XB, having given their 
difference, viz. AB, and their product, viz. the square on DE. 

^ Now to solve the equation a:^- 6a? -16=0, we have to find two 
numbers whose numerical difference is 6, and whose product is 16, 
or 4'. 

To do this graphically, perform the above construction, making AB 
equal to 6 cm., and DE equal to \/T6 or 4 cm. The segments AX, XB 
represent the roots of the equation, and their values, as before, may be 
obtained by measurement. 



EXERCISES. 



Obtain approximately the roots of the following quadratics by means 
of graphical constructions ; and test your results algebraically. 



1. a;3-10a: + 16=0. 2. 
4. a^- 5a? -36=0. 6. 



a?2-14a? + 49 = 0. 
ar»-7ar-49=0. 



3. ar»-12a; + 25=0. 
6. ar»-10a:+20=a 
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EXERCISES FOR SQUARED PAPER. 

1. A circle passing through the points (0, 4), (0, 9) touches the 
a?-axis at P. Calculate and measure the length of OP. 

2. With centre at the point (9, 6) a circle is drawn to touch the 
y-axis. Find the rectangle of the segments of any chord through O. 
Also find the rectangle of the segments of any chord through the 
point (9, 12). 

3. Draw a circle (shewing all lines of construction) through the 
points (6, 0), (24, 0), (0, 9). Find the length of the other intercept on 
the y-axis, and verify by measurement. Also find the length of a 
tangent to the circle from the origin. 

4. Draw a circle through the points (10, 0), (0, 5), (0, 20) ; and 
prove by Theorem 59 that it touches the a;-axis. 

Find (i) the coordinates of the centre, (ii) the length of the radius. 

6. If a circle passes through the points (16, 0), (18, 0), (0, 12), shew 
by Theorem 58 that it also passes through (0, 24). 

Find (i) the coordinates of the centre, (ii) the length of the tangent 
from the origin. 

6. Plot the points A, B, 0, D from the coordinates (12, 0), ( -6, 0), 
(0, 9), (0, - 8) ; and prove by Theorem 57 that they are concyclic. 

If r denotes the radius of the circle, shew that 
OA2+OB2+0<^+OD«=4r3. 

7. Draw a circle (shewing all lines of construction) to touch the 
y-axis at the point (0, 9), and to cut the o^-axis at (3, 0). 

Prove that the circle must cut the 2;-axis again at the point (27, 0) ; 
and find its radius. Verify your results by measurement. 

8. Shew that two circles of radius 13 may be drawn through the 
point (0, 8) to touch the 2;-axis ; and by means of Theorem 58 find the 
length of their common chord. 

9. Given a circle of radius 15, the centre beine at the origin, shew 
how to draw a second circle of the same radius touching the given circle 
and also touching the a;-axi8. 

How many circles can be so drawn ? Measure the coordinates of the 
centre of that in the first quadrant. 

10. A, B, C, D are four points on the a?-axis at distances 6, 9, 15, 25 
from the origin O. Draw two intersecting circles, one through A, B, 
and the other through C, D, and hence aetermine a point r in the 
SK-axis such that 

PA.PB = PC.PD. 
Calculate and measure OP. 

If the distances of A, B, C, D from O are a, 5, c, d respectively^ 
prove that 

OP={ab-cd)l(a + h'C-dj. 
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APPENDIX. 

ON THE FORM OF SOME SOLID FIGURES. 

(Reclangalar Blocks.) 
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The solid whose shape you are probably most familiar with 
is that represented by a brick or slab of he^vn stone. This 
solid is called a rectangular block or cuboid. Let us examine 
its form more closely. 

How many /aces has it T How many edge;^ % How many 
corners^ or vertices ? 

The faces are quadrilaterals : of what shape ? 

Compare two opposite faces. Are they equal? Are they 
parallel 1 

We may now sum up our observations thus : 

A cuboid has six faces ; opposite faces being equal rectangles 
in parallel planes. It has twelve edges, which fall into three 
groups, corresponding to the length, the breadth, and the height 
of the block. The four edges in each group are equal and 
parallel, and perpendicular to the two faces which they cut. 

The length, breadth, and height of a rectangular block are 
called its three dimensions. 



Ex. 1. If two dimensions of a rectangular block are equal, say, 
the breadth AC and the height AD, two faces take a particular 
shape. Which faces ? What shape ? 

Ex. 2. If the length, breadth, and height of a rectangular block 
are all equal, what shapes do the faces take ? 
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A rectangular block whose length, breadth, and height are 
all equal is called a cube. Its surface consists of six equal 
squares. 

We will now see how models of these solids may be 
constructed, beginning with the cube, as being the simpler 
figure. 

Suppose the surface of the cube to be cut along the upright 
edges, and also along the edge HG ; and suppose the fa^es to 
be unfolded and flattened out on the plane of the base. The 
surface would then be represented by a figure consisting of six 
squares arranged as below. 
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This figure is called the net of the cube : it is here drawn 
on half the scale of the cube shewn in outline above. 

To make a model of a cube, draw its net on cardboard. 
Cut out the net along the outside lines, and cut partly through 
along the dotted lines. Fold the faces over till the edges come 
together ; then fix the edges in position by strips of gummed 
paper. 

Ex. 3. Make a model of a cube each of whose edges is 6*0 cm. 
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Ex. 4. Make a model of a rectangular block, whose lenffth is 
4", breadth 3", height 2". 

First draw the net which will consist of six rectangles arranged 
as below, and having the dimensions inarked in the diagram. 
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Now cut the net out, fold the faces along the dotted lines, 
;and secure the edges with gummed paper, as already explained. 

(Prwim.) 

Xet us now consider a solid whose side-faces (as in a rect- 
angular block) are rectangles, but whose evd^ {i.e, base and 
top), though equal and parallel, are not necessarily rectangles, 
•Sufih ^ solid is called a prism. 
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The ends of a prism may be any congruent figures : 
these may be triangles, quadrilaterals, or polygons of any 
number of sides. The diagram represents two prisms, one on 
a triangular base, the other on a pentagonal base. 

Ex. 5. Draw the net of a triangular prism, whose ends are 
equilateral triangles on sides of 5 cm., and whose side-edges measure 
7 cm. 
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'{Pyramids.) 



\ 





/:... 



The solid represented in this diagram is called a pyramid. 

The base of a pyramid (as of a prism) may have any number 
of sides, but the side-faces must be triangles whose vertices are 
at the same point. 

The particular pyramid shewn in the Figure stands on a 
sqv^ire base ABCD, and its side-edges SA, SB, SC, SD are all 
equal. In this case the side faces are equal isosceles triangles ; 
and the pyramid is said to be right, for if the base is placed on 
a level table, then the vertex lies in an upright line through 
the mid-point of the base. 



Ex. 6. Make a model of a right pyramid standing on a square 
base. Each edge of the base is to measure 3", and each side-edge 
of the pyramid is to be 4". 

To make the necessary net, draw a 
square on a side of 3". This will form 
the base of the pyramid. Then on the 
sides of this square draw isosceles 
triangles making the equal sides in each 
triangle 4" long. 

Explain why the process of folding 
about the dotted lines brings the four 
vertices together. 
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Another important form of pyramid has as base an equi- 
lateral triangle, and all the side edges are equal to the edges 
of the base. 




Fio. 1. 



Pia. 2. 



Fig. 8. 



How many faces will such a pyramid have*? How many 
edges ? What sort of triangles will the side-faces be 1 Fig. 3 
shews the net on a reduced scale. 

A pyramid of this kind is called a regular tetrahedron 
(from Greek words meamng four-faced), 

Ex. 7. Construct a model of a regular tetrahedron, each edge 
of which is 3" long. 

Ex. 8. What is the smallest number of plane faces that will 
enclose a space ? What is the smallest number of curved surfaces 
that will enclose a space ? 



(Cylindei's.) 





Fio. 1. Fio. 2. 

The solid figure here represented is called a cylinder. 



SOLID FIGURES. CYLINDERS. 7 

On examining the model of which the last diagram is a 
drawing, you will notice that the two ends are plarie, circular, 
equal, amd parallel. 

The side- surface is curved, but not curved in every 
direction ; for it is evidently possible in one direction to rule 
straight lines on the surface : in what direction ] 

Let us take a rectangle ABCD (see Fig, 2), and suppose it 
to rotate about one side AB as a fixed axis. 

What will BC and AD trace out, as they revolve about AB ? 

Observe that CD will move so as always to be parallel to 
the axis AB, and to pass round the curve traced out by D. As 
CD moves, it will generate (that is to say, trace out) a surface. 
What sort of surface ? 

We now see why in one direction, namely parallel to the 
axis AB, it is possible to rule straight lines on the cuwed 
surface of a cylinder. 



It is easy to find a plane surface to represent the curved 
surface of a C3 linder. 





Cut a rectangular strip of paper, making the width PQ 
equal to the height of the cylinder. Wrap the paper round 
the cylinder, and carefully mark off the length PS that will 
make the paper go exactly once round. Cut off' all that 
overlaps ; and then unwrap the covering strip. You have now 
a rectangle representing the curved surface of the cylinder, 
and having the same area. 
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(Cones,) 





Fio. 1. 



Pig. 2. 



We have now to examine the imodel of a cone, of which a 
drawing is given above. 

Its surface consists of two parts ; first a plane circular base, 
then a curved surface which tapers from the circumference of 
the base to a point above it called the vertex. Thus the form 
of a cone suggests a pyramid standing on a circular instead of 
a rectilineal base. 



Let us take a triangle ABC right-angled at B (Fig. 2), and 
suppose it to rotate about one side AB as ^ fixed axis. What 
will BC trace but as the triangle revolves? Notice that AC 
will always pass through the fixed point A, and move round 
the curve traced out by C. As AC moves, it will generate a 
surface. What sort of surface 1 

We now see that the kind of cone represented in the 
diagram is a solid generated by the revolution of a right- 
angled triangle about one side containing the right angle. 

Ex. 9. Why must the A ABC, rotating about AB, be right- 
angled at B, in order to generate a cone ? 

What would be generated by the revolution of an obtt^e-a.ng\ed 
triangle about one side forming the obtuse angle ? 

Ex. 10. What would be generated by an obliqrie parallelogram 
revolving about one side ? 
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The curved surface of a cone may be represented by a plane 
figure thus : 

A A 





Taking the slant height AC of the cone as radius, draw a 
circle. Cut it out from your paper ; call its centre A ; and cut 
it along any radius AC. If you now place the centre of 
the circular paper at the vertex of the cone, you will find that 
you can wrap the paper round the cone without fold or crease. • 
Mark off from the circumference of your paper the length CD 
that will go exactly once round the base of the cone ; then cut 
through the radius AD. We have now a plane figure ACD 
(called a sector of a circle) which represents the curved surface 
of the cone, and has the same area. 



(Spheres.) 

The last solid we have to consider is the sphere, whose 
shape is that of a globe or billiard ball. 



Fig. 1. 




We shall realise its form more definitely, if we imagine 
a semi-circle ACB (Fig. 2) to rotate about its diameter as a 
fixed axis. Then, as the semi-circumference revolves, it 
generates the surface of a sphere. 
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Now since all points on the semi-circumference are in 
all positions at a constant distance from its centre O, we 
see that all points on the surface of a sphere are at a constant 
distance from a fixed point within it, namely the centre. 
This constant distance is the radius of the sphere. Thus 
all straight lines through the centre terminated both ways by 
the surface are equal : such lines are diameters. 



Ex. 11. We have seen that on the curved surfaces of a cylinder 
and cone it is possible (in certain ways only) to rule straight lines. 
Is there any direction in which we can rule a straight line on the 
surface of a sphere ? 

Ex. 12. Again we have cut out a plane figure that could be 
wrapped round the cut*ved surface of a cylinder without folding, 
creasing, or stretching. The same has been done for the curved 
surface of a cone. Can a flat piece of paper be wrapped about a 
sphere so as to fit all over the surface without creasing ? 

Ex. 13. Suppose you were to cut a sphere straight through the 
centre into two parts, in such a way that the new surfaces (made by 
cutting) are plane, these parts would be in every way alike. The 
parts into which a sphere is divided by a plane central section are 
called hemispheres. Of what shape is the line in which the plane 
surface meets the curved surface ? If the section were plane but 
not central, can you tell what the meeting line of the two surfaces 
would be ? . 

Ex. 14. If a cylinder were cut by a plane paraUel to the base, 
of what shape would the new rim be ? 

Ex. 15. If a cone were cut by a plane parallel to the base, 
what would be the form of the section ? 
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